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Abstract 
thesis examines effect of inhomogeneities on the magnitude-redshift 
relationship, focusing pEll,ticulady on the redshift. 
Vie show that a perturbed FRW universe which has the same global behaviour as 
an exact FRW universe does not have same light propagation behaviour due 
to the relationship between redshift and the radial coordinate being influenced 
by the inhomogeneities introduced. The change in redshift along a light beam 
depends on the rate of expansion of space so an understanding of effect of 
inhomogeneities on the local rate of expansion of space is necessary in order to 
study the effect of inhomogeneities on redshift. 
We create a new description of the evolution of matter fluctuations in the weakly 
non-linear regime which also describes a relationship between the matter density 
and the local expansion rate of space. This is subsequently used the devel-
opment of a new nlethod of calculating the relationship between the angular . 
diameter distance and the redshift of a distant object. 
Vie use the new magnitude-redshift relationship in conjunction with the super-
novre data to estimate cosmological parameters and find that 
- to a high level of confidence OA is non-zero 
most likely flat universe is one with cosmological parameters close to 
{Om) OA} {D.3, D.7}. 
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Chapter 1 
Il'ltrod uction 
In observational cosmology it is very important to know how far away the ob-
jects being observed are. Unfortunately this apparently simple quantity is rather 
difficult. to determine. For a start in general relativity there is no natural 
to define a distance so there are a multitude of different distance definitions. 
Furthermore the distance determined from a given observational quantity will 
depend on the assumptions made about the geometry and matter distribution 
of the universe. Hogg (1999) contains an excellent discussion of the various 
types of distance indicators in use. In this thesis the luminosity distance is the 
primary distance indicator discussed and 
inhomogeneous universe. 
particular its determination in an 
Exciting results have recently been obtained using the luminosity distance to 
probe aspects of our model of the universe. The standard cosmological model 
is the Hot Big Bang universe which states that the universe is expanding and 
cooling. The Hot Big Bang universe is represented the Friedmann-Robertson-
\VR,lker (FRW) model (Peebles, 1993) which has a time-dependent scale factor) 
H,llowing the universe to currently expanding, and which assumes that the 
universe is spatially homogeneous and isotropic on large scales. 
observed expansion of the universe (Hubble, 1929) is one of the observational 
pillars the Hot Big Bang model. Other observed phenomena which support 
the Hot Bang universe are Cosmic Microwave Background radiation 
(CMB) and the relative abundances of light elements (Peacock) 1999). The CI\m 
1 
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is blackbody rcl,diation reaching us from all directions from the time when the 
universe cooled enough to allow protons and electrons to combine to hydro-
gen atoms and thus became transparent. radiation has cooled further as it 
has travelled through the universe. It is evidence for the Big universe as it 
is additional evidence that the universe is expanding and cooling and because it 
is highly isotropic. 
The Robertson-Walker metric used to describe the FRW universe is 
] (1.1) 
where k 0 if the universe is spatially fiat, k 
or k 1 if the universe has positive curvature. 
-1 if it has negative curvature 
If the Robertson-Walker llwtric is used with the Einstein field equations and the 
matter content is assunH~d to be pressureless dust, the Friedmann equation may 
be obtained, 
kc2 
a2H2 o 
(1.2) 
where the factor a is normalised to a = 1 the present time, Ha is Hubble's 
constaJ1t, the present expansion rate of the universe, D.m, D.A have the standard 
definitions for the current contributions to the energy density of the universe, 
( l.3) 
and Po is the current matter density. cosmological constant, A (Carroll 
et al., 1992), was originally introduced by Einstein to allow for the possibility of 
a static universe but later rejected him. It is generally included as a parameter 
in modern cosmology and is interpreted as the vacuum energy density. One of 
the most compelling measurements of a non-zero cosmological constant is the 
supernOV33 experiments (Perlmutter et aL, 1998; Riess et al., 1998) which are 
discussed in chapter 2. cosmological parameters D.m D.A aJ'e defined 
80 as to represent the current fractions of the critical required for the 
universe to be fiat if D.m + D.A 1 then universe is spatially fiat ElJ.1d k O. 
The FRW model is completely specified by setting the three parameters, D.ml D.A 
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and Since the real universe is not. exactly homogeneous the expansion rat.e 
of space may vary from point to point so that Ho is a local paramet.er. 
The expansion of 
spect.ral lines in 
universe rise to the cosmological redshift. whereby the 
light of distant galaxies are shifted towa;rd the end of 
the spectrum. The change in wavelength of any spectral between emission 
and absorption depends on the degree to which the intervening space expands. 
In an exact FRW universe where the expansion rate is uniform, the redshift is 
related to the factor at absorption, a( to), and emission, a( t e ), according to 
the equation 
1 Z= (1.4) 
The variation any distance indicator with redshift can used to constrain 
some of the cosmological parameters which describe any particular model of the 
universe. 
Two distance indicators commonly used are the luminosity distance, dL , (figure 
1.1) and the angular diameter distance, d/1, (figure 1.2). The luminosity distance 
is the distance an astronomer infers an object to be at from its observed lumi-
nosity, given that object's intrinsic luminosity is known. Angular diameter 
distance is the distance an extended object must be at for it to subtend the solid 
angle that it In this case the object's actual must be known. In a static, 
Euclidean spa,ce the luminosit.y distance and the angular diameter distance are 
identical but in cosl11nlogy they satisfy the reciprocity relationship (Schneider 
et aJ, 1992), 
(1,5) 
The two distances are not. identical because the luminosity depends on energy 
unit time of the source whereas the angular diamet.er distance does not. One 
factor 1 + z is due to each photon in the beam having lower energy at. the 
observer than at the source and the other factor is due to a decreased rl::1.te of 
emission relative to reception. 
The luminosity distance is defined to be ch = for a source of intrinsic 
luminosity S and observed luminosity This is in direct analogy with the 
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Observe' Source 
Figure 1.1: Luminosity distance 
Observer' __ ~~== ________ -+~~ ________________________ __ 
Figure 1.2: Angular diameter distance 
standard expression in Euclidean space, L S /47fd2 , how luminosity decreases 
with distance. The smaller the cross-sectional area the beam for a given solid 
angle su btended Ml , brighter the source appears to A brighter source 
corresponds to a lower distance measurement so if something should cause the 
beam to be focused along lts path, the luminosity distance will decrease relative 
to the same source with no focusing. 
The luminosity distance is affected the large scale curvature of the universe and 
by the local matter distribution that the passes through. The contribution 
from the local matter distribution is called gravitational lensing. effect 
scale curvature has on the luminosity distance can be understood by looking 
at figure 1.3. Consider a galaxy at 81 in a two-dhnensional fiat universe, F, 
and a ga1axy at point 82 in a two-dimensional spherical universe, S. An observer 
at point 0 is clearly at a. coordinate distance from 82 from 81, but 
Chapter 1. Introduction 5 
F 
s 
Figure 1.3: Wavefront area in different geometries 
\vould assign the same luminosity dist.ance to each galaxy since the wavefronts 
from galaxy have the same area as they cross the observer. It is the effect 
large scale curvature has on the luminosity distance that that distance 
measurement for determining cosmological parameters. 
This is technique used by High-z Supernova team and the Supernova 
Cosmology team (Schmidt et 0,[,) 1998; Perlmutter et al.) 1998) described in 
detail in chapter 2. By comparing observed luminosity of supernovre 
to theoretical luminosities in with different values of Om and OA) 
show that the best fit to a universe is OA ~ 0.7, Om ~ 0.3. 
The remainder of this chapter is primarily devoted to the methods used to study 
propagation of light in an inhomogeneous universe. 1.1 contains a 
brief description of the notation in this thesis. 1.2 describes common 
methods to calculate the direct influence matter on a 
also reviews research which has used some of' the approaches 
light and 
Section 
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1.3 some of the universe models used to st.udy light propagation. Section 1 
describes studies which investigate the effect of inhomogeneities on the redshift 
distant objects, a subject which is the main focus this thesis. Finally, section 
1.5 outlines following chapters. 
1.1 General Relativity notation 
This section describes briefly 
discussing general relativity. 
notation and symbols used in this thesis when 
The metric convention ++) is used everywhere. Vectorial components are 
indexed using either Greek indices (~l, v, A, 7f etc.) which may take four values or 
Roman indices which are restricted to three. Repeated indices 
summed over. Commas indicate ordinary derivatives, so that, 
dull 
any term are 
.6) 
The covariant derivative is indicated with either E\, semi-colon or a capital 'D' on 
the derivative, so that 
dvF 
+ fll u1[ 
1[1/ (1.7) 
with 1[1/ the Christoffel symbol. 
Riemann tensor, describing curvature, is denoted R Il
'
/ A1[' The trace of the 
Riemann tensor is the Ricci tensor, 
R'L RJL1[ 
, 1/ 1[// (1.8) 
which may contracted once again to form Ricci scalar, 
Ie:! - R,l. 1, - '11.' (1.9) 
The trace-free part of the Riemann tensor is the \i\Teyl tensor, 
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The Weyl tensor is zero in conforrnally flat spacetimes such as the Friedmann 
Robertson Walk.er (FR\i\T) universe. In general it is nonzero in the presence of 
inhomogeneities. 
The energy-momentum tensor is Til)}. For all applications considered here, 
universe is in a matter dominated period and the matter content is pressureless 
dust so the energy-momentum tensor, as measured an observer with 4-velocity 
(1.11) 
The Einstein field equations, 
(1.12) 
where is Newton's gravitational constant and c is the speed of light, describe 
how the curvature tensors and the energy momentum tensor are connected. 
1.2 Gravitational Lensing 
When photons pass near a massive object they feel a gravitational force attracting 
them to it, just as matter does. The light ray is deflected by the massive object, 
analogously to way a glass can deflect light. A massive body that deflects 
light is therefore called a gravitational lens. The gravitational can brighten 
inlages and if the lens is close to the straight 
multiple images can be formed. 
between the source and observer, 
There are two frameworks within which effect of inhomogeneities on light prop-
agation is studied, the first of which uses lens planes at the location massive 
bodies and the second of which uses direct integration of the equations that 
describe histories of neighbouring photons. 
1.2.1 Lens planes 
The results in this section are from. Schneider et al. (1992). Gravitational lensing 
calculations are perfonnecl by considering the lensing n1.ass to be contained in a 
plane tangent to the straight from the source to the observer. The ray is 
Clla.pter 1. Intl'oduction 8 
considered to travel in a straight line before and after it hit the lens plane. All 
the deflection is assumed to occur at a point: the light turns a sharp COTner. This 
is considered a good approximation, since the region which potential is 
strong enough to appreciably deflect the light is infinitesimal cornpared to the 
distances between the source and the lensing event and between the lensing event 
and the observer. The Nevltonian potential on the plane is calculated, and the 
deflection angle a of beam due to the potential can then be determined. For 
a point nJass, the deflection angle is 
4Gll1 
c2 f;, 
(1.13) 
where f;, is the distance between the lens and the light beam in the lens plane. 
FOT a general lens, the bending angle is a two dimensional vector 
() 4G l (/) ~ - ~/ 2 / a ~ = 72 J'ftt2 E ~ I~ ~/12d ~ (1.14) 
where I:(~) is the surface mass density on lens plane obtained by "squeezing" 
all mass of the lens into one plane. 
Although the lens plane method is designed to describe a strong lensing 
event, it is used to describe continuous weak lensing by using many lens 
planes (Tomita et oJ, 1999). In the multi-lens plane method, the from 
SOllIce to the observer is divided into a number of planes perpendicular to 
line of It is assllmed that lensing only occurs in planes. Matter 
is distributed m these planes either randomly (Schneider and Weiss, 1988) or 
using an N-body simulation of, for example, a CDivI (Cold Dark l\.1atter) scenario 
(Wambsganss et oJ, 1998). The route a bundle of rays take through 
universe is then calculated. In this 
constructed. 
an image of an extended source can be 
The plane method allows source to pass through caustics, points where 
the amplification of the image goes to infinity. the source passes near a 
caustic, multiple images can appear which are often quite distorted. Of course, we 
do not observe any objects which have been infinitely amplified. apparent 
contradiction can resolved 
metric optics derivation used 
using a wave optics derivation instead of the geo-
the lens plane method as presented here. A wa:ve 
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optics approach does not result in an infinite magnification due to interference 
effects. We do, however, observe multiple of sorne sources. Calculations 
made the lens plane method of the likelihood of multiple imaging in different 
, types of universe can be compared with observed numbers of mUltiple images to 
put constraints on various parameters (Kochanek, 1993). 
Since the results depend on the particular matter distribution near the path of the 
photons, it is usual in this and other methods to adopt a Monte-Carlo approach. 
provides not just average values of amplification but also some idea of the 
spread we should expect. 
1.2.2 Direct Int.egration 
The direct integration method uses differential geometry to calculate the effect 
spacetime curvature has on the histories of neighbouring particles, such as pho-
tons. Assuming that curvature can be calculated at every point along the light 
path, the size and shape of light beam at any point can then be calculated 
by direct integration of the appropriate differential equations. 
The geodesic deviation equation may be solved for a collection of neighbouring 
photons to determine the shape an image. Alternatively, optical scalars may 
be defined which describe the shape of a beam of light and evolution equations 
for these optical scalars solved. The mathel11.atical description of these methods 
may be found in chapter 4. One of the main results is the focusing equation, 
( ,,-2 R J,"p'k'/) ~ v '/-W t, Vii, (1.15) 
- v is affine parameter along the null geodesic 
- CJ is the rate of shear of light beam 
- kfJ is the wavevector, dxl'j clv 
RliV is the Ricci tensor 
- A is the cross sectional area the light beam. 
The focusing equation means contributions to gravitational lensing are 
to local matter density which manifests through the Ricci tensor and is calleel 
Chapter 1. Introduction 10 
Ricci focusing; and due t.o presence of tidal fields which cause shear 
such as are caused by asymmetrical matter distribution near the light beam. 
Direct integration was used Holz and \7iJald (1998) to study lensing in a 
perturbed FRW universe which is split into regions. The Newtonian potential 
is calculated for the matter dist.ribution in each region the curvature tensor 
calculated from the potential. The geodesic deviation equation is solved over a 
path through the resultant space to determine the statistics of magnification, 
rotation and shear of images. The matter distribution results from ra,ndomly 
placing point masses in a region. Any particular region is not required t.o have 
same total matter content as the underlying FRW universe although on average 
1 equality is required to hold. There is no background matter so there is no Ricci 
focusing except on the rare occasions when the beam passes through a dense 
clump of matter. The redshift of light beam is calculated after the photon 
has traversed each region according to the underlying FRW modeL 
Bergstrom et al. (2000) generalised the work of Holz and Wald to allow non-
vanishing pressure and for realistic galaxy profiles. Bergstrom et al. found that 
lensed bealns are of the order of up to 1.0 magnitudes different to unlensed beams. 
They found that the effect is larger at higher redshifts and that the probability 
distribution of magnitudes is non-Gaussian. 
1.3 Universe models cOlnmonly used to study gravita-
tional lensing 
The particular framework to study the propagation of' a beam of light only 
partly describes any method used to study gravitational lensing. Of equal 
portance is the choice of universe model under consideration and the distribution 
and type of matter. One choice is to assume a FR\7iJ geometry and use N-body 
simulations to describe the matter content (e.g., Wambsganss et al.) 1998). This 
exist several definitions of an "average" for general relativity (Boersma, 1998). IIolz 
fUld Wald do not speci{y which average they intend to be used although they appear to mean 
simple arithmetic avef<tge. 
Chapter 1. Intl'Oduction 11 
section describes other methods which pay more to incorporat-
ing the inhomogeneity into the mathematical of geometry. It is 
by no means as there are many cosmological models knovvn and the 
behaviour of light been studied in nmny of them. 
1.3.1 Swiss - Cheese Universe 
The Swiss-Cheese model of the universe is created by UL~'"""h a FR\V universe and 
removing the matter from spherical regions. The that would have been in 
the spherical region is compressed into a smaller on the same point 
as the original 
beconle the "cheese') 
region. The area of the outside the spheres thus 
the empty regions become the cheese. 
The cosmological evolution of the Swiss-Cheese is identical to that of 
the underlying FRW Since the FRW UlUUCI to fit very well 
with observations, Swiss-Cheese model is an important one. While it is not a 
very realistic model of structure formation and various other important 
features of modern cosmology, it is a simple model to deal with it incorporates 
some of the importcl,nt features for light propagation. Photons spend part of their 
journey in intergalactic (or interstellar) dust, part of it voids and part near 
massive objects. 
Kantowski (1969) argued the Swiss-Cheese model is an one for 
looking at light propagation and found that the shear has a effect, as 
does the gravitational Therefore cr = 0 in equation (1.15) and all the 
focusing is due to the term which describes the local distribution 
term and is a step the Swiss-Cheese model. Kantowski al. (1995) 
can have 
data. 
returned to the Swiss-Cheese model and concluded that U.Ll.iVJ.U>'-'F; 
a large effect on <;CUl.CHI"O of cosmological parameters 
The Dyer-Roeder distance (Dyer and Roeder, 1972) obeys 
the luminosity distance 
that some of the 
Swiss-Cheese model. It is 
universe is gathered in clumps 
same formula as 
by assuming 
introducing a 
ClIapter 1. Illtmc1uction 
dumpiness c.t 
matter not bound in clumps 
total matter 
Further assuming that light beams pass far from all 
directly effect light propagation but there is less matter 
is less focusing. The Dyer-Roeder distance can be '-,CClvLLJLGL 
sp ecial cases. 
1.3.2 Perturbed FRW Universe 
12 
(1.16) 
the clumps do not 
the light beam so there 
analytically for some 
The FRW line elem.ent can be perturbed by inserting the Newtonian gravitational 
potential ¢ appropria,tely to attain the perturbed metric 
Coordinate and conformal transformations aJ'e often used to v.lL'-"-'.lf'v the appear-
ance of equation (L 1 7) 
try to ensure that on a 
the FRW model. 
convenience. Various conditions are imposed on ¢ to 
the perturbed FRW model looks the same as 
¢ is assumed to be small compared to 1 and have 
sn1.all first spatial derivatives compared to second spatial 
Linder (1998) and others 
average to the FR\i\T model 
references therein) have looked at models which 
some sense, but not others. For ~ __ '_' ___ I_ models 
which are the same as FRW a volume averaged sense but have clynanl-
lCS (Tolman-Bondi model) or models which are FRvV both a averaged 
sense and dynamically, but not in a line of sight averaged sense (Dyer-Roeder). 
These models do not, in general, the same light propagation as 
the FRW model. 
1.3.3 Lemaitre-Tolman Universe 
The Lemaitre-Tolman model (KrasiI1.ski, 1997) is a spherically symmetric inhomo-
geneous universe. It is one of the simplest. generalisations of the FRW and 
a.s such has been well studied. The matter content. is dust arranged concent.ric 
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shells about the centre of symmetry. There a.re two arbitrary functions that 
are not in the FRVV model and which may be specified on some space-
like hypersurface, the matter density the since an initial singula.rity . 
. Care must be taken to ensure that the 
singularities. 
do not cross to avoid additional 
Since Lemaitre-Tolman universe allows the study of gravitational lensing in 
the context of general without resorting to Newtonian approximations 
or assuming that inhomogeneities do not influence scale evolution, 
it has been a natural choice for investigating distance relationships with inho-
mogeneities present. In particula,r, Mustapha et al. (1998) have formulated the 
mathematical description of the Lemaitre-Tolman model specifically to simplify 
calculations on the null cone of an observer. 
1.4 Inhomogeneities and redshift 
The effect of matter inhomogeneities on the apparent of distant objects 
is well studied. On the other hand the influence of matter inhomogeneities on the 
redshift of distant objects is less well studied, especially without restricting the 
UL'JU-'>L to flat spatial sections and a zero cosmological constant. Obviously any 
effects must be understood in order the magnitude-redshift relationship to 
used in an inhomogeneous universe. Studies which use a full general relativistic 
treatment to derive a magnitude-redshift relationship in an inhomogeneous uni-
verse automatically into account of the inhomogeneities on the 
redshift. Examples of this include Moffat and Tatarski (1992), who discuss the 
redshift.-lookback time relationship a Lemaitre-Tolman universe and Sasaki 
(1987) who investigates magnitude-1'edshift relationship in a linearly pe1'-
turbed FRVV universe. (1992) matches p!t\,ne symmetric vacuum spacetimes 
to plane symmetric dust spacetimes to form a pancake structure which 
considers to be a planar counterpart to the Swiss-cheese model: which yields 
anisotropic redshifts. Mustapha et oJ (1998) discuss the area distance-
redshift. relationship a LmnaStre-Tolman universe that has Inatched to an 
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equivalent FRW universe and find significant in the dista.nce-redshift 
relationship. In contradiction however is the of Sugiura et al. (1999) who 
vVLLUL\_,C,L the same problem find that the distance-redshift relationship is the 
same as a FRV\T universe provided that a particular matching condition is used. 
Mavrides (1976) attempts to model the effect of an observer being a, dense 
region of space with a higher Hubble constant (Ho) locally than globally. Mavrides 
considers a three region arrangement with a central dense region on 
the ) an intermediate Vc1cuum region an exterior region. The in-
terior region and exterior region are represented as fiat FRW regions 
containing pressureless dust with [LA = O. The intermediate vacuum IS 
Schwarzschild and is large enough to ensure that dense region does not affect 
the average density. This approach includes the of the gravitational redshift. 
Tomita (2001a,b) also investigates the effect of a local value for Ho that is higher 
than global value but with a local void rather a local overdensity. Tomita 
(2001 b) successfully shows the presence of a local void is an alternative to a 
nonzero cosmological constant for understanding the supernova; data. However, 
this is very sensitive to the additional parameters introduced. Turner 
et 01 (1992) investigate numerically in a CDM universe the deviation of local 
measurements of Ho from global value and find that the local value of Ho 
may up to 50% different to global value on up to 20h-1Mpc. 
Nottale (1982) considers the same physical situation as Mavrides (1976) but to 
a different purpose. Nottale considers an overdense region representing a lensing 
cluster. source to be is behind the and the observer front. 
The light ray passes through centre of the inhomogeneity. Nottale (1982) is 
unusual concentrating on effect that Lv."U ••. '''' has on redshift and a 
redshift change of <5 Z ;::::; "'VC}LUL.L,O from a rich of galaxies. 
Kurki-Suonio and Liang (1992) compare the matter distribution in space 
to the matter distribution in spacetime in a LemaJJ,re-Tolman universe and con-
clude "it is fundamentally self-inconsistent to use a Friedmann relation 
between redshift and comoving distance when '-'-v"CHHF, with inhomogeneities.;' 
None of methods is and most are not physically realistic. The 
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models which require a vacuum region of exactly the correct size to balance out 
an overdensity are not realistic. The Lemaitre-Tolman model approaches require 
a spherically symmetric model with the observer normally at or near the centre 
of symmetry and also impose conditions on the inhomogeneities to avoid shell 
crossing singularities. One of the major aims of this thesis is to construct a 
method of calculating a magnitude-redshift relationship which incorporates the 
effect of inhomogeneities on the redshift as well as on the magnitude. This is 
achieved by treating the universe as a collection of independently evolving regions 
through which a light path travels. The light gets redshifted in each region 
according to the expansion rate of that region. This approach does not include 
the gravitational redshift as it is only intended for use over very large distances 
over which the gravitational redshift is assumed to be negligible compared to the 
cosmological redshift. 
1.5 Outline of thesis 
This thesis describes some effects of gravitational lensing on apparent magni-
tudes and the Tamifications for cosmological parameter estimation from apparent 
magnitudes. 
Chapter 2 contains a description of the use of high redshift supernovce for cos-
mological parameter estimation and an investigation into the degree to which 
the results of such experiments are dependent on the supernovce at intermediate 
redshifts. 
Chapter 3 discusses a paper CliVeinberg, 1976) which investigates apparent lumi-
nosities in a locally inhomogeneous universe and claims that "as long as the clump 
radii are sufficiently small, gravitational deflection by the clumps will produce the 
same average effect as would be produced if the mass were spread out homoge-
neously". It is shown that this statement is incorrect if the problem is considered 
in terms of the redshift rather than in terms of coordinate distance as a perturbed 
FRliV universe has a different coordinate distance-redshift relationship than the 
underlying FR~iV universe. The original material in chapter 3 has been previously 
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published (Rose; 2001). This result motivates the remainder of the thesis, which 
is devoted to developing a new method of calculating the apparent magnitude-
reclshift relationship in an inhomogeneous in which each of space 
expands at a rate dependent on the local matter density, 
Chapter 4 contains a description the theory of deviation; which is 
required for chapters 5 and 6. Chapter 5 describes a new method used to calculate 
the non-linear evolution matter perturbations and the concomitant relationship 
between the matter density and the local of expansion of space, which is 
required for chapter 6. The resultant matter distribution is shown to be consistent 
vllith a log-normal distribution as proposed by Coles and Jones (1991). 
Chapter 6 develops a method of calculating the magnitude-redshift relationship 
which takes into account not only matter inhomogeneities but also a varying local 
rate of eA.l)ansion of space. The is treated as a collection of of size 
8h-1Mpc with a uniform matter density in each region, expanding (or contract-
ing) at a rate determined by the matter density in the region. The Dyer-Roeder 
distance is modified to create a second new magnitude-redshift relationship which 
aSSUl11.es that light paths that we see are less likely to have travelled through dense 
matter. influence that modifying the magllitude-redshift relationship has on 
cosmological parameter estimation from supernOVffi data is also discussed. 
· Chapter 2 
Cosmological parameter extraction 
• uSIng supernovCE 
2.1 Introduction 
As explained in chapter 1 the relationship between magnitude and redshift can be 
used to constrain flm. flA. This chapter concerns the of Perlmutter 
et al. (1998) and et aJ (2001) supernOVl:e data. Section 2.2 briefly 
describes the supernOVl:e data and how it is analysed to determine cosmological 
parameters. two different datasets are combined and confidence regions for 
the cosmological parameters flm 8J1d flA are shown. Section 2.3 takes a closer look 
at data and investigates the possible effect on the of collecting more 
data in redshift regions which are currently relatively undersampled. is found 
that observing more supernOVl:e with redshifts 0.1 < z < 0.3 would probably alter 
the results of the supernOVl:e experiments Taken in eonjuIlction with 
findings from close of the anisotropies of the CMB, that the is 
close to flat (:-letterfield et aJ, 2002), observing more supernovce at compar-
atively low redshifts is unlikely to alter our current picture of the universe. 
2.2 Description of data and analysis 
Two independent research teams have published magnitude data of type la su-
The High-Z Supernovce Team et al., 1998) the Supernovce 
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Cosmology (Perlmutt.er ct oL, 1998) have published dat.a for 50 and 
60 supernovce 
Subsequent t.o 
was published 
There are 18 supernovce common to each group. 
at z 1.7 0.1 original publications, analysis of a 
ct al., 20(1) t.o bring t.he t.ot.al to 93 supernovce. 
Type Ia do not all have the same absolute but a relationship 
between the width of the B-band light curve and the absolute luminosit.y is known 
(Hamuy et al., 1995) and Riess et a1. (1996) developed t.he Multi 
colour Light (MLCS) method which can also to standardise 
t.ype 1a methods can reduce the dispersion in su-
pernovce to 0.20 magnitudes which is good enough to allow the use 
of supernovce for cosmological parameter estimation. Both publish their 
data in a The Supernovce Cosmology Project publish what the 
B-band would be if t.he supernova was a standard 
and the High-Z Supernovce Team publish the distance 
supernovce where Ito rn 'NI, the difference bet.ween t.he 
supernova 
/LO 1 for each 
and absolute 
magnitudes. 
Wang (2000) has the published data for the common 
found that absolut.e magnitude in the B-band of a 
combined Llal,CLD'::;" is 
= -19.33 ± 0.25. 
This allows two Uu.uu";,,,, t.o be combined and treated as one. 
set wit.h the High-Z Supernovce Team data shows the combined 
t.o B-band magnitudes. 
The t.heoretical distance modulus with luminosity distance dL in units 
parsecs is 
The luminosity 
dd,~; 0,nl) 0,A ) Ho) 
sinn (I 
Itt m J\![ = 5log( dL ) + 25. 
is CVVeinberg, 1972) 
x 
, -1/2 ) (1 + 0,mz) - Z (2 + z) OAJ dz 
and 
in the 
(2.1 ) 
2.1 
(2.2) 
(2.3) 
Chapter 2. Cosmological pal'ELlneter extraction using superl101rce 
25 
20 
rJl,B 
15 
0.01 0.1 
z 
Figure 2.1: Supernova magnitudes 
where Dk has the standard meaning Die 1 Dm - DA 
and for Die :;: o. 
Equation (2.2) is conveniently rearranged into form 
1 
sinn is sinh 
where V L - HodL is "Hubble constant free" luminosity distance 
19 
(2.4) 
M is a 
nuisance parameter which must estimated concomitant with Dm. and flA but 
which is not fmther. Equation (2.4) may considered to be a definition 
of m1!) as the p8J'ameter M may absorb any constants required to ensure 
(2.4) only to B-band magnitude of a standardised type Ia supernovce. 
extract the constraints on by the supernovce data we 
con1.pare the magnitude expected at the observed redshift a universe with 
particular values of flm DA with observed The compm"ison is 
performed using X2 statistics. 
For any set of parameters {[tml [tA, M}, the magnitude function and the 
goodness of fit statistic may be cCLlculated by performing following sum over 
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aU data points 
(m~f ;Om,OA,M) Tn'if ~~------~2----~­
ui 
20 
(2.5) 
1 '1 b .. { erl 2 . f d 1 w lere it 1 0 servatlOn IS Zi, . le X IS oun over a gric 
parameter values to find the combination of parameters which best fits the data 
is presented in nonnaUsed form, 
X2 1/ 
l/ 
(2.6) 
where 1/ is the number degrees of freedom the difference between the number 
data points the number of fitted parameters. 
Bayesian confidence intervals are constructed as follows. The probability density 
of parameters {Om, OA, M} given observations m~f is (Zech, 2002) 
]J(m~ffIOm, OA, M)7f(Om, OA, M) 
7f(m~ff) (2.7) 
where 7f(Om, OA, M) and 7f(rn.~ff) are the prior densities of the parameters or 
data respectively. Om ::;; 0, 7f(Om, OA, M) is taken to be zero as a negative 
matter density is unphysical. FRv\! universes with a large positive cosmological 
constant have no initial singularity but collapsed to a finite radius are now 
re-expanding (Carroll et ,1992) these universes are also rejected. This 
bouncing universe occurs when 
where 
{ [ 1 ~ 1 (10m ) 1 } 3 o A ~ 401T1, COSS '3 CoSS Om ' 
coss {
COS 
cosh 
if Om ~ 0.5 
if n'm ::;; 0.5. 
(2.8) 
(2.9) 
Otherwise the prior densities are taken to be uniform, indicating no nl"nTD1'1''''rl 
parameters. 
Probability 
et ) 1998) 
B\lllction (PDF) is proportional to a. Gaussian (Riess 
x2 
ex: exp( - /2 ) (2.10) 
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is normalised 
Ai may be 
over the whole parameter space. The nuisance 
out (Zech, 2002) as follows 
(2.11) 
contour plot in the {Om) OA} plane showing to 40- confidence regions 
mined from the supernovce is shown in The best fit 
are {Om, OA} = {0.54, 0.9} 'with a nonnalised X2 of X~ = 1.50. The fit 
to a universe (Om. + OA 1) is {Om, OA} = {0.36, O.64} with X~ = 1.51. The 
to a universe with no cosmological constant is Om = 0 ,'lith X~ 1.56. As 
ca,n be seen from figure 2.2, the best fit nniverse with no cosmological is 
ruled out at a confidence of 30-. All three best fits find very OiLJeUHCH 
values for M. The values stated for X~ are higher 
et al. (1998) and Perlmutter (],Z, (1998) as 
3 
2 -
1 
o 
0.5 
Figure 2.2: Contour plot 
1 1.5 
Om 
10- - 40- confidence 
2 
the values quoted Riess 
are not ignored here. 
2.G 3 
for all 93 data 
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2.3 Dependence of results on intennediate redshift super-
novee 
procedure described in section 2.2 data points to a curve with three 
parameters. first parameter, M, sets the vertical position of the curve and 
IS weakly correlated with the other two parameters, Om and nA ) which set 
the shape of the curve. Figure 2.3 illustrates the dependence of the theoretical 
magnitnde-redshift relationship on Om and nA. In figure 2.3 the magnitude-
redshift relationship is plotted for a large number of combinations of the cosmo-
logical p81'ameters within the region {O.O :S Om, OA :S 1.0}, keeping M fixed. It 
can be seen that there is negligible variation at red shifts lower than z rv 0.1 in the 
magnitude-redshift relationship as Om and nA vary. Data points in this region 
constrain M but not nm and nA . Between z t"V 0.1 and z t"V 0.3 there is moderate 
variation. The dependence of the magnitude-redshift relationship on nm and nA 
clearly increases with redshift up to at least z = 1 
25 
20 
rnB 
15 
0.01 
Figure 2.3: JVlagnitude-
{O.O ::; Dm 1.0,0.0 :::; DA 
0.1 1 
z 
plot showing variation in magnitude possible for 
1.0}. Also plotted are data points 
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redshift distribution of supernova:; is not uniform. Table 2.1 shows the 
number observed supernova:; in 20 redshift ranges with each range having equal 
size in log(z) along with the weighted mean magnitude of supernova:; that bin 
and the uncertainty the mean. The weighted mean magnitudes are weighted 
according to the uncertainty the point (Bevington and Robinson, 1992), 
and the uncertainty 
Z(mi/O-;) 
Z(1/o-[) 
the weighted mean is 
1 
(2.12) 
(2.13) 
Figure 2.4 shows the data points after binning, with the bin points plotted 1.5 
magnitudes below raw points. 
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Figure 2.4: Supernova magnitudes. Also shown are binned data points, offset by 1.5 
magnitudes 
There are 35 supernova:; with redshifts z ::; 0.115 and another supernova:; in the 
three bins covering redshifts 0,283 < ,7: < 0.693, data these three higher 
Chaptel' 2, Cosmologica.l parameter extraction using supernova:; 24 
Redshift range No, of SN 1\l1ean redshift Mean magnitude 
0,000 0,006 1 0,0043 12,390±0,100 
0,006 - 0,008 1 0,0077 13,480±0,100 
0,008 - 0,011 1 0,0083 13.680±0.130 
0.011 - 0.014 2 0.0129 341±0.137 
0.014 0,019 3 0,0167 15.039±0.091 
0,019 - 0.026 5 0,0231 15,814±0,083 
0,026 - 0.035 4 0.0275 16.337±0,104 
0,035 0.047 4 0.0399 17.114±0.098 
0.047 0.063 7 0,0526 17.658±0.061 
0.063 - 0.086 4 0.0732 18.319±0.098 
0.086 - 0.115 3 0.0930 19.198±0.082 
0.115 0.156 1 0.1245 19.680±0.130 
0.156 0.210 3 0.1707 20.259±0.118 
0.210 - 0.283 2 0.2350 21.187±0.314 
0.283 - 0.381 9 0.3502 22.239±0.080 
0.381 - 0,514 23 0,4500 22.877±0.046 
0.514 0.69;j 15 0.5988 23,473±0.058 
0.693 - 0.935 3 0.8070 24.380±0.190 
0.935 - 1.261 1 0.9700 25. 060±0. ;jOO 
1.261 1.700 1 1.7000 26.160±0.340 
Table 2.1: SuperIlovce 
redshift bins contribute most of the information we are able to gather about the 
cosmological from the supernovce data. The bins with 
covering 0.115 < :::; 0.283 are comparatively empty. The uncertainty in these 
three is large compared to bins with more supernovce and compared to the 
variation the magnitude-redshift relationship over the redshift range covered by 
bins, This that the on the parameters 
be In'lproved observing ITlOre supernovce in redshift range 0.1 < ,?; :::; 0.3, 
The of more points in a bin 
a smaller lUlcertainty in the mean for 
UCOil.\..COO the X2 calculation through 
bin. Gathering m.ore data for any 
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fit models (Dm, DA ) and X~ 
Reduced ullcertainty I Unaltered data 
Overall fit (0.32, 0.66) 2.05 (0.55, 0.95) lA6 
Flat universe best fit (0.34, 0.66) 2.05 (0.35, 0.65) 1.49 
A o best fit (0, 0) 2.30 (0,0) 1.83 
Table 2.2: likely cosmological parameters and X~ for binned data and for binned 
data simulating more supernOVEB observations 
redshift bin would therefore lower the uncertainty for that bin. Of course, the 
location of mean may also ,",U':.U~J;:''-'. but we will assume that the data obtained 
so far is representative and so the mean will shift to another point within the 
existing lu uncertainty for bin. ,rye can therefore simulate the effect on the 
analysis of gathering more data in any redshift range by reducing the size of UJi 
for that bin. 
2.3.1 Simulating additional supernovce at intermediate red shift 
bin containing highest number of supernovre 23 supernovre 
an uncertainty on mean magnitude of ±0.046 magnitudes. Reducing the 
size of uncertainties in mean the three billS with redshifts covering 
0.115 < z .s 0.283 to 0.0116 magnitudes sinmlates effect of gathering a similax 
quantity of data in these bins. 
Figure 2.5 shows the ofreducing the uncertainties the three bins covering 
0.115 < ,z < 0.283 to 0.046 magnitudes. solicllines show confidence 
calculated after reducing the uncertainties of bins. They should be com-
pared with dashed which show confidence regions calculated using bins 
as tabulated in table 2.1. The of the confidence regions is very sim.ilar 
regions calculated with smaller uncertainties are significantly toward the 
Table shows most likely cosmological parameters and normalised 
for the 
three 
'-JU.lHu\.L data and for the binned data after reducing the uncertainties 
The most likely uIliverse is only slightly different to the results 
calculated from unaltered data bins and the most likely universe no 
Chapter 2. Cosmological parameter e:A"iTaction using supel"lJOITEe 26 
2 2.5 3 
Figure 2.5: Contour plot with 10- 40- confidence regions showing the effect of recluc-
the uncertainties in three bins. The clashecllines show confidence regions calculated 
using bins as plotted in figure 2.4. The soliel lines show confidence regions calculated 
after reducing the uncertainties of three bins 
cosmological constant is unchanged. As should be expected reducing the 
of some of the uncertainties, the normalised X2 value increased. 
2.3.2 Lowering the mean Inagnitude of supernovce at intermediate 
redshifts 
Figure shows the effect. of lowering the mean magnitudes of three bins 
covering 0.115 ::; 0.283. The dotted dashed lines are confidence regions 
culated aft.er reducing uncertainties in the three and 81'e identical to the 
solid lines figure 2.5. The soliel lines show confidence regions calculated after 
also lowering the me811 magnitudes those by 0.046 magnitudes. These 
confidence regions are shifted further toward the origin, with a universe with zero 
cosmological constant being ruled out at a 20- level. The dashed lines show 
confidence regions calculated also lowering mean magnitudes in those 
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Best fit models (Om,OA) and X~ 
Slightly lowered Significantly lowered Unaltered data 
Best (0.18, 0.48) 2.43 (0.0, 0.18) 4.85 (0.55, 0.95) 1.46 
Flat universe (0.32, 0.68) 2.44 (0.32, 0.68) 5.16 (0.35, 0.65) 1.,:19 
A=O (0.0, 0.0) 2.62 (0.0, 0.0) 4.94 (0.0, 0.0) 1.83 
Table 2.3: Most likely cosmological parameters and X~ for binned data and for binned 
data simulating more supernovre observations which lower the mean magnitude 
by by of the one (J uncertainty in the mean in each of the , which 
is by 0.13,0.118 and 0.314 magnitudes, in of increasing z. These confidence 
regions are shifted still further toward the origin and a zero cosmological constant 
universe cannot ruled out with any degree of confidence. 2.3 shows the 
most likely cosmological parameters and normalised X2 for the binned data and 
for the binned data . reducing the uncertainties in three bins and lowering 
the mean magnitude of those bins. The most likely universe is again only 
slightly different to the results calculated from the unaltered data bins and the 
most likely universe with no cosmological constant is unchanged. The scenario in 
which the mean of the three bins is reduced significantly and which does not 
out a universe with no cosmological constant has very high 
simulated data is very unlikely to occur in an FRW universe. 
f· 2 o Xw 
2.3.3 Raising the mean magnitude of supernovre at intermediate red-
shifts 
2.7 and table 2.4 show the effect of raising the mean magnitudes of the 
three bins covering 0.115 < z S; 0.283. The opposite effect has taken place to that 
in figure with the confidence regions shifted away from the origin. Indeed, 
when the mean magnitude is by uncertainty in each a flat universe 
is rej ected at a, confidence level of 
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Figure 2.6: Contour plot with 10- 40- sigma confidence regions sho¥.r1.ng the effect 
of reducing the uncertainties in three bins and lowering the mean in those bins. 
dotted dashed lines show confidence regions calculated after reducing the uncertainties 
in the bins, as in figure 2.5. The solid lines show confidence regions calculated 
after reducing the uncertainties of bins lowering the mean of those bins by 
0.05 magnitudes. The cl&'lhed lines show confidence regions calculated after reducing 
the uncertainties of three bins and lowering the mean of those bins by o-p. 
2.3.4 Summary 
Since a higher value DA tends to increase the luminosity distance of high 
reclshift objects, it is not surprising that lowering the mean magnitudes of three 
bins makes a lower value of DA more likely. vVhat is surprising is the 
of the effect. Shifting three out twenty data points within their original 
10- uncertainties chan.ges a 4(J result into a null result. However, it should be 
noted that slightly changing the low redshift points does not make 
{nm , DA } {1.0, D.O} universe any more likely, or significantly the most 
likely value for nA for a fiat universe. 
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Figure 2.7: As for Figure 2.6 but with the mean mised rather than lowered 
Best fit models (01M OA) and X~ 
Slightly raised Significantly raised Unaltered data 
Best (0.48, 0.84) 1.84 (0.98, 1.50) 3.43 (0.55, 0.95) 1.46 
Flat universe (0.34, 0.66) 1.86 (0.34, 0.66) 3.89 (0.35, 0.65) 1.49 
A 0 (0.0, 0.0) 2.20 (0.0, 0.0) 4.61 (0.0, 0.0) 1.83 
Table 2.4: Most likely cosmological parameters and X~ for binned data and for binned 
da,ta siulUlating more supernovre observations which raise the mean magnitude 
2.4 Conclusions 
The Supernova Cosmology Project (Perlmutter et al., 1998) and the Su-
pernovce (Riess et oJ, 1998) have 8J1alysedmagnitude-redshift data of a set 
of supernOVffi at redshift. Each group found that to 8 high of confi-
dence the cosmological constant is nOll-zero and that if the universe is fiat the most 
likely values for the cosmological parameters are close to {Om, OA} = {0.3, 0.7}. 
Considered in isolation, further measurements of supernovre at redshifts between 
z =rv 0.1 and z t"V 0.3 may affect the conclusions drawn from such observations. 
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vVhen considered conjunction with the CMB result which indicates a fiat uni-
verse (Netterfield et al.) 2002), further supernova:; observations at low redshifts 
will not deliver further insights. 
Chapter 3 
Flux Conservation 
3.1 Introduction 
Inlplicit in the analysis performed in the previous chapter is the assumption that 
the relationship between the appal'ent magnitude of a distant object and the 
redshift of that object is unaffected by gravitational lensing. 
,Afeinberg (1976) presents an argument that gravitational lensing does not, on 
average, affect apparent magnitude - radial Robertson Walker coordinate 
relationship. His al'gument is based on photon number conservation and 
been widely accepted, although it has come under some scrutiny. Wu (1990) 
point out that photon number conservation applies to the luminosity distance, 
not apparent magnitude and that 11 mean deviation of zero in the luminosity 
distance does not imply a mean deviation of zero in the apparent magnitude, 
which was also emphasised by Holz and Wald (1998). Ellis et al. (1998) reanalyse 
,iVeinberg's argument and conclude that it is not valid if c:austics are present, 
~which only occurs with strong fields. Mustapha et al. (1998) consider spherically 
symmetric dust shell universes and find that a deviation from the FRvV result 
is possible. Claudel (2000) considers Newtonian perturbations the weak field 
limit and finds that, to first order in K, 87rG / c2 , there is no deviation from the 
FRW result. 
,Afeinberg's original argument is presented in section 3.2. In section 3.3 we demon-
strate metric perturbations that the presence of inhomogeneities the 
31 
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universe does, on average, affect the apparent magnitude - redshift relationship. 
material has been previously published as Rose (2001). 
3.2 Photon number count versus coordinate distance 
Consider an exact FRW universe containing a source at (comoving coordinate) 
T = 0 that emits N photons isotropically (due to, say, a cataclysmic event). A 
sphere drawn around the source with T Tobs has surface area 47fa~bsr~bs' where 
a( t) is cosmological scale factor. Photon number must be conserved so the 
same number of photons passes through the sphere as are emitted by the source 
so an astronomer at r = robs with a telescope of area will observe n photons 
satisfying 
N 
n 
(3.1 ) 
N ow consider the above situation with matter inside the sphere distributed 
unevenly, thus lensing the photons. The number of photons observed by the 
astronomer may be different when compared to the previous situation. However, 
total number of photons passing through the sphere is unchanged. If the 
mea of the sphere at r = r oba has not changed then any increase or decrease 
photons seen by astronomer must be compensated by a decrease or increase 
respectively in number of photons observed by astronomers. Further-
more, if there are a large number of astronOl1l.ers at different points on the sphere 
at T Tobs the average number of photons they observe must be distributed 
about 11. with a standard deviation that approaches 0 as their combined telescopes 
cover the sphere. Conversely, a single astronomer who observes a large number 
siInilm events in different directions should expect to observe, on average, n 
photons from each event. 
\i\Teinberg's argument is based on the assumption that the area of the sphere 
centred on T = 0 and with radius T = Tobs is not affected by the mass distribution. 
The mea of the sphere is a dynamic quantity that depends not only on T but also 
on 0,( t). If inhomogeneities affect. the tinl.e photons ta.ke to travel from T = 0 to 
T r ObR then inhomogeneities must a.lso affect the area the sphere. If this is 
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the case then photon conservation does not imply that observed apparent 
magnitude relationship is identical to the FR\iV apparent mag11itude relationship. 
In section 3.3 this is shown to be the case. 
3.3 Apparent magnitude versus redshift 
Consider a perturbed FRW dust universe with line element 
(3.2) 
and an energy momentum tensor 
Pb(t)(l + O'(r, t)) () () () 
() () 0 () 
() 0 () 0 
(3.3) 
() 0 0 () 
The quantities O'(r, t) and h(T, t) describe the departure from homogeneity and 
a(t) and Pb(t) are the scale factor density a. corresponding unperturbed 
FRW universe. The coordinates are comoving and peculiar motions are neglected 
so T contains no terms dependent on the velocity of matter. Equations (3.2) and 
(3.3) describe a universe that has the sanle geometry as a FRW universe with 
scale factor a(t) and density Pb(t), but which has concentric shells which may 
over or under dense. 
The metric has determinant 
ca 3 (1 - h) 37'2 sin e 
VI - kr2 
Spherical symmetry has been retained so that any astronomer at r 
(3 
Tobs ma.kes 
the same obserV'cLtions of a source at r = () in section 3.2) as any other as-
tronomer at T Tobs. Spherical symmetry is an unnatural condition to impose 
upon inhomogeneities but allowing spherically symmetric inhomogeneities is one 
of simplest generalisations of exact FR\N modeL 
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Conditions are imposed upon the perturbed universe to ensure that. it does not. 
depart far from the underlying FRvV lmiverse. The inhomogeneities are small 
in both amplitude (151 « 1 everywhere) length. length requirement is 
satisfied by requiring that in every region small enough that t.he seale factor, a(t), 
changes little in the time taken for photon to travel through it, 5 averages to 
O. Thus we impose the condition 
j' O(T(A), t(A))d./' = 0 ( ) '\ :3.5 A a(t(A)) 
where A is any parameterisation along the geodesic. Finally, h(T, t) 0 at both 
the source the observer's locations since only effect under consideration 
here is due to matter inhomogeneities between the source and the observer. 
In inhomogeneous case, equation (3.1) is no longer valid as the surface 
area of the sphere centred on the source at T 0 and with radius r'obs is now 
47ra;bsT~bs(1 h(Tobs, tobs))2. Due to the assumption that h = 0 at both the source 
and observer the correct expression reduces to equation (3.1). 
To determine the relationship between hand 0 we use the stress energy conserva-
tion law. Following Peebles (1993, page 276) (but note the different. definition of 
h which allows the calculation to carried out. to orders) ) stress 
conservation law to 
) _ 1 T/1·// - 0 
- 29/1.//,0 . - (3.6) 
or 
Pb 0' 
Pb 1 + 0' 
3h 
1 h' (3.7) 
3a/a in unperturbed universe, 
o 317, 
1 + 0 1 h 
which has solution 
1 h (1 + ot . (3.9) 
The integration constant has been determined by requiring that when!5 0, 
h = O. 
Chapter 3. Flux Conservation 35 
By integrating along a radial null geodesic from emission at (t, r) (tem,O) to 
o 1::>servation at (t) T) 1'), the radial coordinate where a photon arrives at 
observer in perturbed universe can be determined and compared to the 
. radial coordinate of observer in FR\i\T universe. The null geodesic is 
parameterised by the affine parameter /\ so that the position of the photon is 
(t (A) , T (A) ). For the radial geodesic, l' and t are both monotonically increasing 
functioils of A and we may reparameterise the geodesic in terms of t; that. we 
may a function 1'(1;) so that (t, T(t)) is the position of the photon at time 
t. Similarly, h(t) and 8(t) are defined to be values hand 8 at the photon's 
position at time t. 
A null geodesic in the perturbed FRW universe satisfies 
dr 
o => cdt = a(t)(l - her, t))~. ;r==:::::;==:;:;: 
vI - kr2 
Rea;rranging equation (3.10) and integrating, one obtains 
[
to hs ---:--:-:_c_d_t -:-:-:-:- = (0 robs ---;:::::d::::T::::::::=;: 
• tom Jo 
Similarly, in the FRW lmiverse 
(3.10) 
(3.11) 
(3.12) 
Substituting for 1 h from equation (3.9) and making the second order approx:-
imation (1 + 0)1/:3 ~ 1 + 8/3 - 52/9, equation (3.11) becomes 
t ObS cdt + ~ I,tobs c5(t)dt _ 1 /'obS c5(t?dt 
.ftcn, . 3. tom 9 .Item n(t) (3.13) 
Equations (3.12) and (3.13) are both written using comoving coordinates and 
proper time so may be compared directly. The first term in equation (3.13) 
lImy be replaced equation (3. and the second term is 0 clue to equation 
. ,)) leaving 
j ''I'FRW ---;:=cl=I=" ===;. 
• Tohs 
(3.14) 
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Sinee ;)2 2: 0 and a > 0 then TPRW 2: Tobs and Tobs = TFRI'V only if 0 0 at points 
along lightcone. Both under over densities eontribute positively to the 
integral 011 the hand of equation (3.14). We may use this to compare 
observed number of photons in the perturbed universe and the FR\V universe. 
From equation (3.1), 
nFRW 
(3. 
>1. (3.16) 
For a redshift, apparent magnitudes in a perturbed universe are greater 
than those in an unperturbed one. Gravitational lensing can cause magnification 
for observers without violating conservation of photon number. 
3.4 Discussion 
The calculation in section 3.3 is very general in that it does not depend upon the 
distribution of matter beyond the requirement of spherically symmetric matter 
perturbations about the source. Furthermore, because the argument is based on 
the non-line81"ity of the relationship between matter and metric it is easy to 
.see how it may applied in more complicated models. However, it does rely on one 
critical assumption that presence of inhomogeneities does not influence the 
evolution of the universe. 
Due to the assumptions made the special position of the source, the result 
obtained section 3.3 need not apply to any p81'ticular observation in the real 
universe. Indeed, probability that tJle condition of equation (3.5) is correct 
for any particular observation is negligible. If, on balance, a light passes 
through more over or undm space than average first term in 
equation (3.13) will contribute and the source appear brighter or dimmer 
than in the FRW case. 
The focusing theorem (Schneider al., 1992: page 132) shows that a light beam 
is magnified if it is affected by gravitational lensing but not through a 
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caustic. In of the focusing theorem the result in section 3.3 is not surprising; 
however it to be in contradiction with the results Mustapha et al. 
(1998). et al. (1998) investigate Lemaitre-Tolman symmetric dust 
universes and that distant objects may appear brighter or dimmer than 
they would in corresponding FRW model depending on the distance and on 
the specific matter distribution. They find the corresponding FRW universe by 
matching the mass and scale of the LTB universe to FRW but make no 
assumptions about the evolution of the LTB universe. Indeed, Buchert (2000) 
shows that an inhomogeneous universe is exceedingly unlikely to have the same 
dynamics as a FRW universe of the same density. 
Zotovand (1992) discuss averaging Einstein's equations Schwarzschild 
regions, representing galaxies, on an expanding background. found that 
the scale factor the averaged universe is S(t)2 = R(t)2(1 - K), where R(t) is 
the scale factor the expanding background. Since K is nonzero and positive 
S(t) < R(t). This in the scale factor for the inhomogeneous case has the 
same effect on the observed magnitude of distant objects as does inequality 
(3.16). However, result is not in terms of the redshift so says nothing about 
the c1istance-redshift relationship. 
The calculation in section 3.3 is based on the assumption that 
universe has exactly the same global evolution as the underlying 
perturbed 
universe, 
an assumption that may not be correct. The conclusion of section 3.3 is that 
universes with localised departures from homogeneity which do not affect 
the dynamics of universe do not have the same distance-redshift as the corre-
sponding exact FRW That is, we cannot expect the real, inhomogeneous 
universe to both evolve like an exact FRW universe and to have the same light 
propagation behaviour as the same exact FRW universe. 
Chapter 4 
Geodesic Deviation. 
The theory of geodesic deviation describes how the relative sepa,ration of nearby 
geodesics varies due to gravitational effects. It is shown that the behaviour 
of a congruence of geodesics can be characterised by its rate of expansion (e), 
shear (0-) and rotation (w) and evolution equations are found for these quantities. 
These equations will be used in chapter 5 to find the matter distribution in the 
wealdy non-linear regime and in chapter 6 to describe the magnitude-redshift 
relationship. The results presented here may also be found, for example, in 
Hawking and Ellis (1973), Peebles (1993) Wald (1984). 
In section 4.1 a congruence is defined and smne standard results derived. In par-
ticular it is shown that evolution of a connection vector between neighbouring 
geodesics can be described as a linear map and hence as an expansion, shear and 
rotation. In section 4.2 evolution equations 0, 0- and ware found for timelike 
curves. In section 4.2.1 these evolution equations are applied to the worlcllines 
of the particles of a pressureless dust. It is shmvn that for this example e is 
expansion rate of a local patch of space and a pair of differential equations may 
be formed to describe the expansion rate and matter density of a local patch of 
space without requiring scale homogeneity. Finally, section 4.3 evolution 
equations for 0, 0- and w moe derived for null curves and in section 4.3.1 these 
results are used to find a difIerential equation for the cross-sectional area of a 
beam of light as it travels through an inhomogeneous universe. 
Chapter 4. Geodesic Deyiatioll 39 
4.1 Mathen'latical Prelirninaries 
Consider a three paramet.er family of geodesics parame-
t.he family so t.hat. specifying yi a particular geodesic and w is 
parau\.eter along each geodesic. "dl~(yi) forms a congmence, is, locally 
exactly one geodesic passes through each point of space-t.ime. The vector field 
1) 
is tangent to family of geodesics so satisfies 
(4.2) 
The vect.or 
( 4.3) 
connects the geodesics ,(Vi) and + tSyi) and is called t.he cOlmection vector. 
It is the behaviour of ~ that will be used to investigate the behaviour of the 
congruence of geodesics. 
To with, we show that e'U:~. VI1·~:~l. as follows, 
(4.4) 
The significance of (4.4) may understood considering . We have 
(4.5) 
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where we have made the definition AILlJ = nIL;V' Thus \ve see that the connection 
vector (p. is not parallely transported and AP'I is a linear map that describes how 
the displacement between neighbouring geodesics is stretched and rotated. 
One further property of is important before going on to investigate 
relationship 
D(CP,v ) 
--,-"'---'.'-,-" = (e v ) dw P ill = (II. V Vi) ;r; 11. 
1 
2 
namely 
(4.6) 
The second equality is due to vp being geodesic and therefore satisfying vp.;VV II 0 
and the third is due to (4.4). Since e'vp is constant along a geodesic, be-
haviour of the part of t;J..l that is not orthogonal to '1)/1 is physically uninteresting so 
interesting results may be obtained by only considering e that evp = o. 
Everything up to this point been independent of the nature of vJ..l) but it 
is now necessary to distinguish between timelike and light like curves. VVhen 
timelike curves are under consideration up will be used in place of VII and tensors 
in equations applying to timelike curves are "tilded') (hJ..ll/ etc). Similarly, when 
light like curves are under consideration kp. will be used in place of v il. and tensors 
in equations applying to lightlike curves are "hatted" (hp.v etc). Timelike curves 
are considered first. 
4.2 TiInelike Curves 
The linear map Apv may be decomposed into quantities which represent the 
rates of expansion, shear and rotation and which characterise the behaviour of 
the congruence. In this section the evolution equations for the rates of shear) 
expansion and rotation are derived and applied to a specific example in the 
synchronous gauge. This allows the derivation of evolution equations for the 
local matter density the local expansion rate of space. 
The projection tensor 11,1'1) gll/! + 'l.i/I U1J projects into the orthogonal to U w 
Recalling that (4.6) n1.eans that quantities of interest are orthogonal to 'af]: 
hFI! projects into the subspace of interest to us. The projection tensor satisfies 
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the expected properties of a projection operator, that is 
0, (4.7) 
. The rates of expansion, shear and rotation of congruence are defined to be 
(4.8) 
so A/LV is decomposed as 
+ w/J.//' (4.9) 
The tensors defined in equations (4.8) can be characterised by scalars 
~2 1~ 
U 
(4.10 ) 
The rates of change of e, U /JV and wjW along 
follows: 
geodesic can be calculated as 
dw 
dx A DA/Jv 
dw dXA 
Taking the trace of (4.11) gives the equation 
dB 1 
c1w 3 
~e2 _ + 3 
Equation (4.12) is known as Raychaudhmi's equation. 
part of ("1.11) is 
dw 
(4.11) 
12) 
trace-free symmetric 
(4.13 ) 
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where Cr.VpA is the vVey1 tensor. Finally, the anti-symmetric part of (4.11) is 
Dwpv 
dw ( 4.14) 
Equations (4.13) (4.14) have been included for completeness but will not 
used again. In the next section we consider the form of 12) in synchronous 
4.2.1 Synchronous Gauge 
The line element for the metric describing spacetime is taken to be 
(4.15) 
where the coordinates are chosen to be comoving with fluid. Note that 
a 3 1 splitting of spacetime assumes that w 0 to ensure that a unique ct 
coordinate can be assigned to any event. Selection the synchronous gauge is 
a loss of generality as it requires that clocks may synchronised globally. This 
requirement is true of models commonly used to study cosmology, including the 
FRvV model. 
The parameter along the geodesic curves is chosen to be the time coordinate, 
ct) so tha,t, up. = (1,0,0) 0) vFv,p 1. With the time coordinate t, (4.9) 
becomes 
1 
cAp/} = -;/h1w --r- Up/} + wJJ.V' (4.16) 
may be thought of as representing the worldlines of objects (such as particles, 
observers or galaxies) which are comoving with the coordinate system and hence 
with fluid. Ina universe that is FRW this is equivalent to obj that are 
comoving ,'lith the Hubble flow. 
The Ricci tensor in may now be replaced using Einstein's field equations) 
~ RgP1J AgJiV = 2 . ( 4.17) 
the energy-momentum tensor for pressureless dust, 
(4.18) 
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which together yield 
( 4.19) 
Therefore (4.12) becomes 
de ( 4.20) 
By requiring conservation of energy-momentum (T!11J;IJ = 0) we may also find an 
equation for the evolution of matter density in tenT1S of e. 
(4.21) 
Equation (4.21) shows that e does indeed describe expansion. If e is the nor-
malised expansion rate of a volume 11, (j = ~; /V then (4.21) is merely a statement 
that the mass inside volume is conserved. 
4.3 Null Curves 
We now turn to null curves, with tangent vector k!1 and parameter 'U. In section 
4.2 projection tensor h/\, gPv + was used to project relevant quantities 
into the spacelike hypersurface orthogonal to 71P. There are two reasons doing 
so. Firstly, (4.6) says the part of deviation vector orthogonal to geodesic 
remains orthogonal. part of the deviation vector is not orthogonal to 
the geodesic n1.ay only vary in one direction, that is, v IL) and therefore is not 
very interesting. Secondly, as shown in figure 4.1 different deviation vectors to 
the same nearby geodesic geodesic differ by a lllultiple of . It is only useful to 
consider one of the connection vectors that connects two nearby geodesics. In the 
timelike case, restricting ElL so that f,llv'J = 0 fulfils both conditions. The second 
vector in figure 4.1, e = + Q;V Jl ) does not satisfy E'lv p. 0 unless v!1 is null 
so an additional restriction is required in the null case. An equivalence class is 
therefore created containing all vectors that can be formed by adding a multiple 
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Figure 4.1: Deviation vectors to the same nearby geodesic differ by a multiple of k: 
of v ll to el,. Only one vector of the equivalence 
restriction imposed the null case reduces to two 
is considered. The additional 
dimension of the subspace 
containing the deviation vect.ors which are considered interesting. 
We introduce a set of basis vectors {E~t, Ei', E~, E~} with Ej = kJL and E~ is 
anot.her null vector satisfying gfwE~'E4 = 1. Ei and E~ are spacelike unit vectors 
orthogonal to each other as well as to both Ej and E~'. The basis vectors are 
parallely transported along t.he geodesic to provide a basis at every point along 
the geodesic and they retain these properties under parallel transport. As an 
example) in Minkowski space for a light beam propagating in t.he z direction 
these vectors might be 
Ei = (0, 1, 0, 0) 
Ei' (0,0,1,0) 
11 _ 1 ( ) E3 -/2 1,0,0,1 
1 (-1,0,0, 
( 4.22) 
vectors {Ei', E~ , E~} span vect.or space containing all vect.ors orthogonal 
t.o kJ' . The vectors {Ei) E~ , E~} SPaJl the vector space containing all equivalence 
classes of vect.ors t.hat only by a multiple of kP • Therefore we are only 
interested in deviat.ion vect.ors in vect.or space spanned by {Ei, E~}. 
\~re t.ake components of e wit.h respect. t.o the vectors {Ei, E~'} t.o be 
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L (v)E~. ( 4.23) 
n=L2 
Taking the second covariant derivative of (4.23) and contracting with Ebgllv yields 
( 4.24) 
since E~ undergoes parallel transport. The left hand side of (4.24) contains an 
ordinary derivative as do is not a vector but simply two scalars. 
~ 
As in section 4.2 there is a projection tensor hPv which projects into the vector 
space spanned by {E 1) E 2 }. The trace of h is two as the space is two dimensional. 
The definitions of the rates of expansion) shear and rotation follow as in section 
(4.2): 
so that 
( 4.25) 
(4.26) 
(4.27) 
(4.28) 
In section 4.2 evolution equations the rates of expansion) shear and rotation 
were found using the evolution equation for A. In the null case they will be found 
by considering the behaviour of the connection vector f,1l. \Ve begin deriving 
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the geodesic deviation equation, 
= cve' klL + k'/ CA kfl _L RI1 V" klJ CA <" ;v jA <" jl/A I '7f1/A" <" 
= C') e "fl' + tY kA JAIL -+ k7r kV CA 
<" ;U 'jA <" ";AIl' 7fVA <" 
Cj/(ek~) +Rfl k7fkVCA 
<" ,A jl' 7f1/A <" 
by (4.4) 
by (4.4) and Ricci's identity 
relabelling indices 
46 
by (4.2). (4.29) 
In flat space-time, the Riemann tensor is zero and (4.29) is = O. This means 
tha,t geodesics that are initially parallel will remain parallel which is the expected 
behaviour in fiat space-time, whereas in curved space-time the geodesics do not 
remain paralleL 
Substituting (4.29) into (4.24) with e on the right hand side of (4.29) given by 
(4.23), we obtain a deviation equation for the components of ~fl, 
( 4.30) 
Using the relationship (4.5), the covaritillt derivative of do may be expressed 
terms of the rates of expansion, shear and rotation: 
D~J1' 
dv 
""' dduEfl 
L.-t dv (J 
0.=1,2 
L AJlvduE~ 
a=1,2 
L (~ehfll/ + (T/JlJ 
0=1,2 
= L (~eo(JIJ 
/)=1,2 
~ ) d Efl'E 'J WP,l/ b (1, b 
( 4.31) 
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where the two by two matrix &a.b is formed by contracting the four '~'"J~J"vU 
sional &JW tensor with E~Eb' The simplification that occurs with last 
equality due to hJJVE~:Eb = 00.11 
. since wf-1V is anti-symmetric. 
Ei and are orthogonal and w EJ"EV = 0 
,1W a b 
Since (ja.b is two by two, trace-free and symmetric, it must be the form 
so satisfies 
where = ,,2 
- VI 
( 4.32) 
( 4.33) 
Taking the derivative of (4.31) and substituting into (4.30) we obtain 
~2) 0 d(jab e~ 1 d - "" R Ellk7T kvE Ad + U ab + Tv + ua.b b - L-t j.L7TI/A a b b· 
b=1,2 
"" [(~ de 1 L-t 2 dv + 4 
b=1,2 
( 4.34) 
The left hand side of (4.34) has a trace-free part (involving (j) and a part 
portional to 0ab' The right hand side can similarly be decomposed: 
[ 
1 ( \ 
GjL7T1JA + 2" \glwR)..r. 9PA R // 7T 97TV R AP, - 97TA R vAj + 
( 9 )] Ef-1k7TkVEA (3 gp), 1)7T gj.LvgA7T a ' b 
C EP'k7T kVEA - 1 R k'J k7T 0 (4.35) IL7TV A a, b 2 V7T ab ) 
the equality is the standard decomposition of the Riemann tensor 
the trace-free part vVeyl tensor) and the trace part; and second equality 
is due to the orthogonality of El and E 2 . 
Equating the trace-free trace parts of (4,34) yields the following pan' of 
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U nlensed lightpaths 
Figure 4.2: Ricci focusing of light beams 
equations: 
DO 1 
- + + 2&,2 
dv 2 (4.36) 
( 4.37) 
4.3.1 Distance Measurements 
Just as 0 in section 4.2 is the normalised volume expansion rate of space (0 
,i /11) when the timelike curves under consideration are the worldlines of sta-
bonary particles, 8 in section (4.3) is normalised expansion of the c1'oss-
sectional area of a light beam when the null curves under consideration are world-
lines of a light beam (8 ~~ / A). Since all cosmological distance measurements 
are based on the area of a light beam, (4.~16) describes the evolution a distance 
measurement along a light beam. 
transforming (4.36) into a differential equation for vA and replacing the 
Ricci term using Einstein's field equations for pressureless dust, we arrive at 
the focusing equation 
_ [~2 4n-Gp (. jnp,\2]. A 
if + 2 U/l. v I V Ji. 
C ! 
( 4.38) 
Equation (4.38) shows the different contributions to gravitational lensing. The 
&' term is the shear term and is due to tidal acting on light bearn. 
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Although the derivation does not allow for formation of multiple images 
due to the assumption that the rays form a congruence, the term is 
generally associated with strong lensing that causes multiple imaging. The p term 
is the direct influence of matter and is called Ricci focusing. It be thought of 
as gravitational attraction of matter inside beam acting on light rays 
as shown in (4.2). Equation (4.38) is called the focusing equation because 
terms on the right hand side cue positive definite and therefore lower the 
of increase of the cross-sectional area of the light beam. 
The focusing equation will be used in chapter G to calculate the magnitude of 
distant objects. The magnitude calculation in chapter 6 requires knowledge of 
the distribution of matter and of the relationship between density and the rate 
of expansion of space. This is gained using the results of section 4.2.1 and is the 
subject of the next chapter. 
Chapter 5 
Distribution of Matter In.homogeneities 
5.1 Introduction 
3 shows that a complete study of gravitatiol1<::u lensing on cosmological 
scales must include the effect of inhomogeneities on the redshift of distant ob-
jects. The necessary mathematical tools are presented in chapter 4 and chapter 
6 contains a description of a new method of calculating the magnitude-redshift 
relationship which incorporates the influence of inhomogeneities on the redshift. 
This new method requires knowledge of both the matter distribution how the 
expansion rate of space varies with the matter density. This chapter describes 
the weakly non-linear evolution of density fluctuations and time dependent 
relationship between density and IJUdl.U.UVU rate. 
Section 5.2 describes some of the terminology used to describe matter 
distributions. Section 5.3 a method to explore the weakly non-
linea.I of the growth of matter inhomogeneities. Since the main goal in 
6 is to quantify the contribution to lensing from the effect that local 
expansion rates have to the redshift of a light beam, the usual ways to model the 
growth of matter perturbations are not used. Section 5.4 describes method 
used to quickly generate random. numbers conforming to the matter distribution 
at a given time in a universe with given cosmological and the local 
expansion rate a region with a ma.tter density at that time and that 
universe. 
50 
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5.2 Matter Power Spectrulll 
The power spectrum of matter inhomogeneities is (Padmanabhan, 1993) 
(5.1) 
which is the ensemble average of the square of the Fourier transform of the density 
contrast, where the density contrast (5 is the departure from the background 
dens! ty PlJ) 
Pb 
O(x) p(x) - Pb (5.2) 
Due to spatial isotropy of the matter distribution, P(k) = P(k) where k = Ikl. 
The theory of inflation predicts that at the completion of the period of inflation 
Ok is a random variable with a Gaussian distribution. Since o(x) is a sum of 
random Gaussian variables with zero mean, it too is a random Gaussian variable 
with zero mean. It can be shown that the variance satisfies 
(5.3) 
The linear evolution of the power spectrum may be calculated by perturbing 
FR\V equation. In the matter dominated universe the power spectrum evolves as 
(5.4) 
modes grow in amplitude they move out of the regIme. Linear and 
nonlinear modes grow at different rates, thus destroying the Gaussian distribution 
of the power spectrum, 
5.3 Non-linear evolution of the power spectrum 
The linear theory of matter fluctuations is thought to work well for primordial 
fluctuations but it is clem' that there are regions of space at the present time with 
o » 1 where the linear evolution breaks down, The density contrast between the 
average densities of galaxies clusters of galaxies and the background density 
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can be calculated from approximate masses and sizes of these types of objects. 
The density contrasts on these two scales are the order 105 and 10 - 103 
respectively. 
No analytic description the non-linear evolution of the power spectrum is 
known. Peacock and Dodds (1996) use an N-body simulation to investigate the 
nonlinear evolution the power spectrum. Although this and other methods such 
as smoothed particle hydrodynamics and Zel'dovich approximation have been 
studied, focus of approaches is galaxy formation and therefore 
limited use when considering the intergalactic medium. Furthermore, while they 
provide a description of the matter distribution they are designed to provide 
any information about the local expansion rate of space. 
An alternative method is presented which is suited to the non-linear evolution 
of lower density regions which do not form galaxies as well to as to slightly higher 
density regions and which also produces information about the local expansion 
rate of space. Non~gravitational interactions are ignored as is pressure so the 
IS 
method is unsuited to studies of structure formation. The method easy to perform 
1\ • 
numerically for any universe, is applicable to non-linear evolution and naturally 
provides information on not only the density but also the expansion rate of 
space. 
From (4.20 4.21), the density at a, point evolves as 
dp 
--() p, dt (5.5) 
d() 1 
- 47fGp. dt A ~-) (5.6) 
These equations are non-perturbative but (5.6) is not exact as it neglects the 
anisotropic expansion (shear) and rotation of the cosmolgical fluid. No explicit 
assumptions are made about the global nature of the universe but neglecting 
is tantamount to assuming that universe is approximately FRW as an 
anisotropic universe will tend to induce shear. In particular it is not assumed that 
the universe is spherically symmetric, as the element 15) does not require 
spherically symmetry. Spherical symmetry is not in the remainder of 
thesis. Equations (5.5) and (5.6) to the density (PI!) ElJld expansion 
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rate (th) in an exad. FRVil universe as well as to the density and expansion 
at a point. Vve can therefore calcula.te an evolution equation for 8. 
dp dPb 1 + 
-8p 
dt dt 
(l 8) dpb + d8 -8Pb(1 + 8) -dt dt 
~(1 d8 8)8bPb + Pb dt -8Pb(1 8) 
d8 (8u 8)(1 + 8) (5.7) dt 
It is convenient to work in scaled varia.bles, Hot, 8/ Ho and p - Pb/ Po, with Po 
current matter density. Using standard definitions, Dm = 87rGpo/3Hg and 
DA = A/3Hl; we then have as evolution equations P, 8, 8 and 8bl 
dp 8/, A (5.8) d(Hot) -HoP, 
d8 (8b 8 ) (5.9) d(Hot) - --. (1+8) Ho Ho 
d(8/Ho) 3 1(8)2 (5.10) 3D \ - -0, p(l + 8) - - -d(Hot) 1 2 m 3 Eo 
d(8b/ Ho) ') 1 (~)' 3DA -:::'0, P (5.ll) d(Hot) 2 Tn, 3 Ho 
Equations (5.8) (5.10) are integrated back'vvards from Hoto (the current age 
of the universe) to find the density and expansion rate of the universe at aJ.l eaJ.·ly 
rc.CC)VVl \oiv)c,klo'j\ 
time, chosen to be at the . .GMB-or when the scale factor a wa.s 1/ll00 of its present 
value. Hoto is a model dependent quantity given by (Peebles, 1993) 
Hoto t;(J y-l[Dmy3 + (1 Dm - D;\.)y2 + DAt 1/ 2dy. 
.11 
(5.12) 
The initial conditions in the integration me {p, 8b/ Ho} = {I, 3}. The factor 
of three appeaJ.·s as 8 is a volume expaJ.lsion rate whereas a is a linear expansion 
rat.e. 
The initial condition can novv be set e. At time of the cJVm scattering, 
tOMB) the local expansion rate, e, is assumed to be same as the background 
expansion rate, eli' As the density perturbations are very at teME and 
Cllapter 5. Distribution of Matter Inllomogeneities 
10-2 
-0.8 -0.6 -0.4 -0.2 0 0.2 
8(tCA!fB) 
Figure 5.1: Evolution of density fluctuations. Primordial fluctuation is plotted against 
fluctuation at current time 
the difference between e and eb is driven by the density perturbations this is a 
reasonable assumption. Equations (5.8 5.11) are integrated forwards tCMB 
to Hoto for many values of 8(tcMB)' This calculation results in a relationship 
between the initial density contrast in any region and the density contrast in 
region at any later time up until the nl'oC!c,nr and another relationship between 
the initial density contrast and the expansion rate of any region at any later tim.e 
up until the present. 
The results aJ'e shown in figures 5.1 and for a universe with nm 1, nA O. 
Figure 5.1 shows the mapping between 8(tcMB) and 8(to). Negative values of 
8, indicating underdense regions, evolve to even less dense regions. Overdense 
regions with 8 > 0 evolve to even more overdense regions, eventually collapsing 
as the expansion rate e becomes negative. Since the model does not allow 
pressure or any other mechanism to halt collapse, these regions quickly diverge. 
Figure 5.2 shows the expansion rate relative to the background expansion rate 
of regions with different densities. The local expansion rate is greater than the 
background expansion rate for 8 0 and than the background rate for 6 > 0, 
becoming negative for 6. 
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Figure 5.2: 
-0.5 
-1 L-~ __ -L ____ L-__ ~ __ ~ ____ ~ 
o 2 4 6 8 10 
o(to) 
expansion rate relative to FRW expansion rate as a function of (j (to) 
distribution may be obtained by weighting each point of 
relationship between the density contrast at tCMB and the present 
with the appropriate initial probability. Figure 5.3 shows the 
distribution of today calculated from a Gaussian matter distribution at 
10-6 . Sillce (J" is used for other variables in this thesis, VcMswill 
be to labe~:~idth of the matter distribution at tC.AfB' All 
5.1. The probability distribution is skewed to the 
(5) > O. This is due in part to volume biasing - dense 
average 1 ( or collapse) and therefore take up a smaller 
fraction of space. converse is true for underdense regions. Figure 5.3 therefore 
represents probability density that a randomly selected region will have a 
talms 
volume of 
that a 
of the 
LL~~UUO that all regions had the same initial size. Figure 5,4 
account by scaling the results from figure 5.3 by the relative 
density so it represents the probability density 
will have a given density. The peak 
zero, indicating that the most common density is 
mean of this distribution is (o(to)) = 0.62 with a variance of 
here refers to a aritillnetic a.verage over regions. 
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Figure 5.3: Current matter distribution with {Om, S1A} = {l.O,O.O} and VCMB 10-6 
(J~ = 1.94. It is somewhat surprising that the mean is greater than zero. This 
may be to limitations in the model, or it may be a real effect since 0 is not 
the deviation from mean but deviation from the "background", or what 
density would be in an equivalent FRW universe with the saHle values the 
cosmological parameters. Buchert (2000) shows that an inhomogeneous universe 
is unlikely to have the sanle average expansion rate or density as an FRW universe 
with the same average density and the same cosmological constant and that the 
departure from exact FRW is difficult to calculate. It would therefore be 
presumptive to draw any conclusions from the fact that (0) > 0, either that 
is any physical significance or that the model is deficient. Coles and Jones (1991) 
propose a log-normal distribution for the continuous density field and the best 
log-normal curve for the distribution is also figure The log-nonnal 
curve is a reasonable fit to the distribution. 
Since the relationship between the matter density and local expansion rate is 
known (figure 5.2), the distribution of B may be obtained from distribution of 
o. is shown figure 5.5 the matter distribution in 5.4. The mean is 
(B(to)) = 2.56Ho which is than the background expansion rate: B,/tO) 3Ho. 
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Figure 5.4: Current matter distribution as in figure 5.3 but scaled with relative 
volumes. Also shown (dotted is a log-normal curve fitted to the distribution 
This deviation is directly related to 
same comments apply. 
deviation of (o(to)) from Ob(tO) and the 
A different set of cosmological parameters to slightly different distributions. 
5.6 shows the current matter distribution for a different set of cosmological 
parameters, namely {Om.,OA} = {I, 11, as well as best log-normal curve for 
the distribution. The peak;~lightly further to left when compared with 
t"e 
and" tail extends further to right. is partly 
the {Om., ni\J 
to the fact that 
{Om,OA} {I, l} universe is older {l,O} (with 
Hoto = O. for the and Roto 0.667 for latter) and partly due to 
universes evolving differently. 
The matter distribution has evolved away from 
tribution. is necessary, as physically 0 can never 
initial Gaussian dis-
less than 1 so the 
distribution cannot symmetric it goes non-linear. 5.4 shows a 
log-normal curve f Aexp (- 0) - / (T12) fitted to the distribution. 
Best parameters c'hre {A, (TI} {1.10, 0.13,O.58}. It is a reasonably good 
to the distribution, close to zero. The log-normal curve shares the 
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Figure 5.5: Current distribution of local expansion rates with {Dm, DA} = {1.0, O.O} 
and VCMB 10-6 
J 
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Figure 5.6: Current matter distribution for cosmological parameters 
{Dm,n,d {l,l}. Also shown (dotted lines) is a log-normal curve fitted to 
distribution 
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main features of the calculated matter distribution, namely a sharp peak with a 
long tail to the right but a very tail to the left. 
The log-normal distribution is a simple one which always p> 0, unlike 
Gaussian distribution. Nusser and Haehnelt (1999) also show that a log-normal 
distribution describes well smoothed dark matter distribution in an N-body 
,simulation. Despite the simplicity of the model presented in this chapter, the 
matter distribution it produces is very similar to the log-normal distribution 
which has strong justification. Coles Jones (1991) cite a number of factors 
as motivation for log-normal distribution the continuous density field, 
Observations of galaxy distribution possibly reveal a log-normal distribu-
tion, although Ilumber counts of galaxies may be a biased tracer of the 
contiIluous field 
- Generalising the Central Limit Theorem to non-linear noise produces log-
normal random fields rather than Gaussian ones so that non-linear random 
processes can lead to log-normal matter distributions 
- A kinematical theory with a Gaussian initial peculiar velocity field that 
grows linearly naturally has a log-normal matter distribution 
- Biased galaxy formation from Gaussian linear fluctuations results in a log-
normal distribution of the number of galaxies per unit mass inside a super-
cluster 
The method here to find matter distributions does not depend on size of 
region under consideration but the use of them For example, a commonly 
cited quantity is (}8, the rms density fluctuation averaged over spheres of size 
8h-1Mpc. Although there is some disagreement as to the precise value of (}s, it 
is of the order of unity (Peacock, 1999). Due to result, the size of region 
in chapter 6 will be 8h-1 Mpc. Table 5.1 shows the rms matter fluctuations 
for various cosmological parameters value of VCMB. The values of Vc".v[/3 
which result in a present rm8 density fluctuation of around 1 are VeMB 10--6 
and VCJ'v/13 = 
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V CA1B (nm,nA) Standard deviation VCMB (nrn,nA) Standard deviation 
(0.3,0.7) 10-7 (0.3,0.7) O. 
10-5 (1.0,0.0) 2.72 10-7 ( 1.0,0.0) 0.16 
(1.0,1.0) 10-7 ( 1.0,1.0) 0.33 
10- 5 (0.5,1.5) 2.79 10-7 (0.5,1.5) 0.98 
10-6 (0.3,0.7) 0.84 10-8 (0.3,0.7) 0'()4 
10-6 (1.0,0.0) 1.39 10-8 (1.0,0.0) 0.05 
10--6 (1.0,l.0) 10-8 (1.0,1.0) 0.08 
10-6 (0.5,1.5) 10-8 (0.5,1.5) 0.13 
Table 5.1: Standard deviation of matter fluctuations 
eters and VeMB 
various coslTlological param.-
5.4 Computation 
The matter distribution and the relationship between density and expansion rate 
that were found in the previous section are to be to calculate predicted 
magnitude of distant objects. the nature of a calculation is probabilis-
times to find mean and standard deviation tic it must be performed 
of the magnitude. To do efficiently a function F(p, t) is constructed which 
transforms a uniformly distributed random variable, JJ, into a random variable 
confonning to the required matter distribution at a given time; and a function 
G (6, t ~ which yields the expansion rate at a time of a region 
density 6. section describes the construction of and G. 
For any combination of cosmological pa,rameters and the width VCMB 
Gaussian describing the initial matter perturbations, background expansion 
in Section 5.3. A rate and density at are calculated as 
number n of different values for 
i=Ln. 
5.6 change 
the other 
6i(tCMB) are not 
most close to 6 
spread between 
can be small and we found n 
in time simultaneously \vith 
are 
uniformly as cmves in figmes 5.4 and 
O. Half of the values are between ±-JVCMB with 
. Since the distributions a.re quite smooth '/I 
50 to be satisfactory. c\ is evolved 
and (5.10). VaJues 
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/Vu(t)} are kept for a large number of uniformly spaced 
intermediate times. 
The probability density at time t of a random point in space having density 
Pb(l + 8i (t)) is proportional to 
(5.13) 
This is simply a Gaussian probability distribution scaled by relative volumes as 
discussed in Section 5.3. At intermediate time, the probability distribution 
is integrated in order to normalise it since total probability must be one, 
.I~ P(5(t))cl5 = 1. (5.14) 
The inverse of the function F(p, t) is simply the integral of normalised prob-
ability distribution (Press, 1992). A number of points in (5, t) are calculated 
by integration, 
F(8i , t) l:i P(5(t))d8 (5.15) 
and an Akima spline through these points is constructed. A separate spline is 
constructed for each at which the matter distribution has been calculated. 
This completes the formation of F(p, t). The construction of G(p, t) is simpler, 
requiring only a spline through the of values {8i (t), 0i (t) / Ho} for each 
termediate time. 
Figures 5.7 and 5.8 show the result of generating a very number of random 8 
and () using t) and G(p, t) for the {Slm, SlA} {1, O} cosmology at the current 
time. A comparison with figures 5.4 5.5 clearly show that the distributions are 
the same, thus validating method used to quickly generate ra.ndom densities 
with correct distribution. 
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Figure 5.7: Current matter distribution cosmological parameters 
{Slm, SlA} = {l, O} 
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Figure 5.8: Current expansion rate distribution for cosmological parameters 
{Slm, flA} = {l, O} 
. Chapter 6 
A new method of calculating the 
luminosity distan.ce 
6.1 Introduction 
This chapter investigates the effect on the magnitude-redshift relationship of a 
varying local rate of expansion of space due to matter inhomogeneities and 
influence that modifying the magnitude-redshift relationship has on cosmological 
parameter estimation from supernovre data. Section 6.2 derives the equations 
used to calculate the magnitude-red shift relationship st3xting from the results 
presented chapter 4. Section 6.3 investigates the relationship between 
lookback time B,nd redshift, especially a situation where a typical lightpath 
tends to through under dense regions. Section 6,4 looks at magnitude-
redshift relationship and compares the magnitudes of unlensed objects to the 
magnitudes of lensed objects, as calculated using equations derived section 
6.2. The distribution ofthe nlagnitudes lensed objects is discussed. Section 
6.5 uses the magnitude relationship derived in section 6.2 and the supernovre data 
to determine cosmological paxameters. 
It is appropriate to recap here the assumptions made IIp to this point. \fI[e 
divide the universe up into regions of space of a uniform size of 8h~1 Mpc. 
matter content is pressureless dust. regions are non-rotating and have small 
rates shear relative to their rates expansion. Although nowhere is it explicitly 
assumed that the universe approximates a FRV\T universe, assuming a negligible 
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of shear is tantamount to assuming an on-average FR\~T universe as a non-
isotropic matter distribution will give rise to shear. 
in these regions are also neglected. 
velocities of pcLrticles 
6.2 Differential equation used to find the IUlninosity dis-
tance 
In section 4.3.1 the focusing equation, 
(6.1) 
was derived. 
As a beam of' light crosses a region of' space, the affine parameter v, the time t 
and the redshift z all vary and all may be expressed in terms of the others. The 
exact relationship between any pair depends on cosmological parameters and 
is also influenced by gravitational lensing due to the appearance of (j in (6.6) and 
(6.7). z either increases or decreases depending on the sign of e and neither t nor 
v may be applied to observations directly as they cannot be directly observed. 
Since the Inatter distribution is dependent on t, it is rnost convenient to use t to 
pa.rameterise (6.1). 
There is a freedom in the affine parameter must fixed befOTe finding any 
relationship between v, t and ,z. Since we have kfJ· d.yfL Id?), the freedom may 
be by setting 
'U /,./1 
'II, t. 
c 
-' (1+ 
Ho 
(6.2) 
The factOT of 1 z appears in (6.2) as k is wave vectOT and hence with 
In synchronous the frequency of the 
so dt/dv may be found as follows, 
c 
.-(1+ 
Ho 
- U kll' 'U = 
-- /I' fJ dv 
dt 1 z 
::::} -
dv Hn' 
(see section 4.2.1), u j 0, 
dxo det 
=1-
dv 
(6.3) 
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Taking covari[:Lnt derivative of ) contracting with k IJ and noting that 
) we have, using 16) 
(6.4) 
where h, (), Ci and w have same meanings as in section 4.2. 'The sign the 
last equation has been chosen to ensure that z increases with distance when the 
expansion rate is positive. The freedom to insert a minus is due to setting 
direction of v to point into the future. 
ll' - I 
Recalling that 0 and that 'U1l'UIJ = 1, (6:4) may be simplified by splitting 
kll. into a parallel to and a part, ,which is orthogonal to uP' and is a 
spacelike unit vector) 
(6.5) 
Since h is defined to be hFT) = gll/J + 'UJlV'11 (see section 4.2), h/\;u/Lu IJ 0 and 
hP = 1. Thus (6.4) now becomes 
c dz 
Hodv 1+ 
(6.6) 
In the last step the assmnption has been made that the isotropic expansion 
space is much greater than rate of shear of space, Ci «::: () with the consequence 
that Ci been neglected, vVhen this assumption is not valid, equation (6.6) 
may still be approximately correct as the shear term is directional through the ell 
dependence. As the light beam travels through different regions we may expect 
that in a universe 'which is homogeneous on large scales the contributions to 
equation (6.6) shear cancel out. 
Finally, using (6,3), (6,6) becomes 
(6. 
Cha.pter 6. A new method c!:llculating the luminosity distance 66 
Returning now to the focusing equation and using (6.3) to perform a change of 
variables from 'U to t and substituting (6.2) and (6.7), (6. becomes 
3Ho 
41fGp 
H2 a 
o. (6.8) 
The rate of shear of the light beam been neglected to obtain (6.8). This is a 
different assumption to neglecting shear the derivation of (6.6) as the rate 
of shear of a light beam is different to the rate of shear of space and also because 
the shear in (6.1) always has the effect of focusing the light beam. However, 
weak the effect of the of the beam is small and may be 
neglected, as discussed by Kantowski (1969). 
To transform (6.8) from an evolution equation for the area of a light beam into an 
evolution equation for the luminosity distance, we use the definition of the 
angular diameter distance dA as the two distance definitions are simply related 
as is discussed in chapter 1. V'lith 50, the angle that the object subtends on 
the sl.;:y and A the area of the object on the size, the angular diameter distance 
st(q? 
is simply (Schneider et al., 1992) .J 
dA=~ (6.9) 
so that the evolution equation for dA is 
e ddA 41fGp 
- 3Ho dHot + H'6 dA = O. 
(6.10) 
Equation (6.10) is the equation used to calculate the angular diameter distance 
for the main results of this chapter. The initial condition is trivially 
clA = 0 at t to. (6.11) 
The second initial condition follows from requiring that the Euclidean distance is 
a limiting case of 
to 
Equation (6,10) 
rate of space, e, 
angular diameter distance at small distances, which 
dclA 
d(Hot) 
c 
Ho 
from the standard 
the local matter 
at t to. (6.12) 
by aUowing the local expansion 
p, to vary from point to point. By 
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replacing () P with the expansion rate and matter density in the FRW universe, 
the FRV\T result is recovered. For comparison with standard results this is 
presented here 'with PFRW evolving from the current matter density Po according 
. to 
Po ( PFRW = 'J = po 1 
" 
(6.13) 
smce 1 + z = l/a(t) in the FRV\T universe. (}FRW is given by the Friedmann 
equation, equation (1.2), 
()PRHl (6. 
Using (6.7) to transform (6.10) and substituting (6.13) and (6.14) gives 
differential equation for d A: 
FR:VV 
The Dyer-Roeder distance (Dyer and Roeder, 1972) (but see also Kantowski 
(1969)) modifies (6.15) to account for matter clumping. and Roeder reason 
matter terms in the coefficients the derivatives in (6. arise due to 
transforming coordinates v to z and that on the matter distribution 
will not such a coordinate transformation. Therefore the only influence 
matter clumping may have on angular diameter distance is through the last 
term in (6.15). If 11l1iverse has a £Taction 1 - a of in clumped objects 
observed beams do not pass near any clumps so that is negligible 
then only a fraction 0: ofthe total matter will contribute to the term of (6.15). 
The Dyer-Roeder distance is therefore 
dz2 
[
7 
+ 20m (1 + Om - OA)] dz 
~O!OmdA O. (6.16) 
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The value of 0: is not well known, although Mortsell et al. (2001) show that 
future observations of supernovre should allow us to determine the fraction of 
compact objects the universe. Kantowski ThOlnas (2001) have attempted 
to determine 0: from existing supernovre 
for the 
and find the data are inadequate 
The assumption that the average expansion rate of the does not depend 
on the matter distribution is erucial to the derivation of the Dyer-Roeder distance. 
Buchert (2000) has shown this assumption to be incorrect. If we then assume 
that the matter distribution does the expansion rate of universe, we 
must ask if this in turn affects calculation the lun'linosity distance the 
determination cosmological parameters the Sllpernovre data. 
The magnitude of a distant object 11'180' be calculated from the luminosity distance 
according to (2,4): 
M + 5 log(lh) , ( 6.17) 
where dL = (1 z)2dA according to the reciprocity relation (Schneider et aL, 
1992), DL HodL is the "Hubble constant free" luminosity distance and M is a 
nuisance paralneter. 
compute angular diameter distance we solve (6.10) backwards t = to 
for any combination of cosmological parameters {Om,OA}' The redshift, z, 
is simultaneously solved using (6.7). 
The universe through which 
uniform size of 8h-1Mpc 
beaTn of light travels is divided into 
the amplitude of the 101'00£>1,1' rms matter fiuctua-
tions averaged over this are known, as discussed at the end of section 5.3. 
The size with a ~ 1/ (1 z). This is no longer an exact relationship 
as the inhomogeneous universe the redshift depends on matter density of 
the light traverses. For each random for the 
matter and local expansion rate are chosen according to the distribution 
described in Chapter 5,4. Values for dA are at each redshift at a 
supernova magnitude is known. 
\iVhen e < 0 the region is contracting region is enough to brealc away 
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from the expansion of universe but is not. yet dense enough for rotation or 
pressure to stop the contraction. red shift will then decrease across the region 
rather than increase as is usual. 
Since the matter density the local expansion rate (6.10) are random 
ables, 
at a 
is not a definite function but rather one that can have a range of values 
redshift. The differential equation (6.10) is therefore solved many times 
for a given model and the mean effective magnitude, , and the standard 
deviation in effective magnitude, Umodel ,calculated every redshift at which 
a supernova has been observed. The model uncertainty, Umodel, is incorporated 
into the calculation the X2 calcu,ation to give a new goodness of fit 
2 
-171i ) 
x2 = L -'--:2:---c::---.,----""-
u'! 
6.3 Lookback thne - redshift relationship 
(6.18) 
An examination of (6.7) reveals that if the average expansion rate of space that a 
light traverses an inhomogeneous universe is the SaJlle as the expansion 
of space in a horl1ogeneous universe, then the light will be redshifted 
by the same amount in each case. Obtaining an integral equation (6.7), 
/
.z _d(_l _::;---,-') = Ito (j 
1 / '3 
. 0 z tl' 
In (1 + to ~dt 
.f1'1 3 (6.19) 
where integral is understood to over the path of the light beam 
the source at {z, t} {z, t 1 } to the observer at {z, t} = {O, to}, we see the 
redshift results from the integral of () over the path of the light beam. The 
influence on the redshift regions with high expansion rates will to cancel 
the effect from regions with low expansion rates. 'life expect to see some variation 
111 lookback time-redshift relationship as some light paths will go through more 
overdense regions and some will go through more underdense regions but since 
light from sources thTough many different regions the variation is 
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likely to small. Since (6.19) shows that the redshift does not linearly on 
the expansion rate) mean at a given lookback time is not necessarily 
the redshift to the mean integrated expansion rate. This effect is expected 
to be very especially for sources at high redshifts) as the variation in the 
lookback time-redshift, relationship over different lightpaths is expected to 
small. 
Although the results of section 5.3 indicate that the expansion rate in 
an inhomogeneous universe may well be different to the expansion rate in a ho-
mogeneous universe the same cosmological parameters) the magnitude and 
even direction of this effect are unknown. On the other hand, the assumptions 
which Dyer-Roeder distance is derived include light beams which reach 
us from distant parts of the universe passing through regions of which are, 
on underdense due to some fraction of total matter content being 
bound in clumps. Since most of the light path is through underdense regions 
which expand f&ster than average, objects at a given redshift are closer to 
us than they would be according to FRW redshift-distance relationship and 
therefore the light travel time is lower and they appear brighter than we would 
otherwise expect. A distance-redshift relationship which this into account 
will be called modified Dyer-Roeder distance. The modified Dyer-Roeder 
distance obeys (6.10) with a matter distribution adjusted to ensure that the 
average matter density of regions through which the light beam travels is a cy 
times the average matter density. 
The light travel time to an object at a redshift of z 1 is calculated under the 
assumption that the light beams travel through regions of space which contain, on 
average, a fraction a of the average density of and that these regions expand 
at a different rate to the This calculation was performed over a grid of 
cosmological parameters in plane 0 0,111.,0,1\::'; 1 and the light travel time 
compared to the light travel time in corresponding FRW universe. Figures 
6.1 and 6.2 show difference between light tra;vel time calculated using the 
assumptions behind the modified Dyer-Roeder distance and calculated in a FR\V 
universe, in units of Hot. Figure 6.1 is with a 0.9 and figure 6.2 is wit.h 0: = 0.5. 
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Figure 6.1: Difference in light travel 
time in units of Hot to a source at z = 1 
between a FRW universe and a universe 
with 0.1 of matter in ch.unps (ex = 0.9). 
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Figure 6.2: As for figure 6.1 but with 
ex = 0.5 
Results are shown over the plane 0 :s; nm , nA :s; 1, with the degree of the effect 
given by the shading and a legend to the right of the plot. 
Since all effects are proportional to the matter density, there is a difference of 0 
along the line nm = 0 and, as a rule, the effect grows with increasing nm . The ef-
fect also grows with increasing nA as universes with high nA tend to be older. This 
can be seen in figure 6.1 where the highest difference is at {nm , nA } = {0.3, l.0}, a 
model which has an age of Hoto :::::: l.08 whereas the {nm , nA } = {l.0, l.0} model 
has an age of Hoto :::::: 0.78. 
The magnitude of an object at z = 1 according to the modified Dyer-Roeder 
distance relationship is compared to the magnitude as calculated using the FRW 
magnitude-redshift relationship in figures 6.3 and 6.4 which show the difference 
between the two magnitude calculations. Negative values indicate that the modi-
fied Dyer-Roeder magnitude is lower than the FR\tV magnitude; or that the source 
appears brighter than the FRW calculation leads us to expect. Figure 6.3 is with 
ex = 0.9 and figure 6.4 is with a = 0.5. 
The Dyer-Roeder distance predicts that observed objects appear dimmer than 
the FRW relationship due to decreased Ricci focusing while the effect of the 
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culated value and the modified Dyer-
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Figure 6.4: As for figure 6.3 but with 
a = 0.5 
modifications to take a variable local rate of expansion into account is to make 
observed objects at a given redshift appear brighter. Figure 6.3 shows that these 
two effects come remarkably close to cancelling each other out with a = 0.9, as 
for some regions of parameter space the modified Dyer-Roeder distance predicts 
that objects at z = 1 appear brighter than the FRW relationship predicts and for 
some regions it is the other way around. On the other hand, figure 6.4 shows that 
with a = 0.5 the effect of the decreased Ricci focusing outweighs the effect of the 
variable local rate of expansion of space and the modified Dyer-Roeder distance 
is greater than the FRW distance over the entire grid. The effect is in general 
much smaller than the Dyer-Roeder distance alone - for comparison figures 6.5 
and 6.6 show the difference between the Dyer-Roeder magnitude and the FRW 
magnitude with a = 0.9 and a = 0.5 respectively. 
The modified Dyer-Roeder magnitude is moderately different to the FRW mag-
nitude, especially with low values of a. Differences of about 0.1 magnitudes 
are large when compared to the size of the uncertainty on the mean magnitude 
of the bins describing the supernovCE data. The uncertainty in the bins ranges 
from 0.046 magnitudes to 0.340 magnitudes with most values being close to 0.1 
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Figure 6.6: As for figure 6.5 but with 
a =0.5 
magnitudes. We should therefore expect that when analysed with the modified 
Dyer-Roeder magnitude-redshift relationship rather than the FRW magnitude-
redshift relationship, the supernovre data will give different results for the most 
likely values of Om and 0A. Since high values of OA tend to make objects dimmer 
and the effect of implementing the modified Dyer-Roeder distance with low values 
of a is to make objects brighter , a lower value of OA is likely to be necessary if 
the modified Dyer-Roeder magnitude is representative of the real magnitude. 
A higher value of Om is also likely since the modified Dyer-Roeder magnitude 
calculation assumes that part of the matter content of the universe does not 
contribute to the evolution of magnitude with redshift. 
The use of the modified Dyer-Roeder distance for cosmological parameter esti-
mation from the supernovre data will be discussed further in section 6.5. 
6.4 Magnitude - redshift relationship 
In section 6.2 we describe a method of calculating the magnitude-redshift rela-
tionship which takes account of a varying Ricci focusing component due to matter 
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Figure 6.7: Histogram plot showing frequeney of lensed mag11itudes relative to the 
FRW magnitude at z 0.6 for a {Om,OA} = {0.3, O.7} universe 
inhomogeneities a relationship between the affine parameter and the redshift 
which differs from the relationship in a FRW universe due to the local expansion 
rate of space depending on the local matter density. In this section the result 
of performing such calculations is compared with the FRW magnitude-redshift 
relationship and the dependence of the difference on the cosmological parameters 
is shown. 
Since the method involves tracing a light path through a particular inhomoge-
neous matter distribution, nn object at a given redshift may have a range of 
magnitudes. A typical distribution of lensed magnitudes at z 0.6 nnd in a 
universe with the initial lImtter perturbations set at tOMB to be VCMB = 10-7 
and with cosmological parameters {Dm,DA } {O.3,O.7} is shown in figure 6.7. 
The calculated magnitudes are binned and presented as a histogram plot. The 
horizontal axis is the magnitude difference between the lensed magnitude and the 
magnitude calculated a FRW lUliverse with same cosmological parameters 
and the vertical axis is the frequency. The distribution falls to the right, indicating 
that the lensed magnitudes are predominantly dimmer than the FRW magnitude. 
The distribution of magnitudes is very to a normal distribution the 
standard deviation of lensed n1.agnitudes is ofihe same order as the deviation 
of the mean the lensed magnitudes from lensed magnitudes. 
The distribution lensed magnitudes depends on the cosmological parameters 
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Figure 6.9: Histogram plot showing 
frequency of lensed magnitudes relative 
to the FR\V m.agnitude at z = 1.0 for a 
{nml nA} = {0.8, 1.7} universe 
and on the redshift, as m.ay be seen from figures 6.8 and 6.9 which are calculated 
in a universe with {Dm' DJd {O.8,1.7} at 0.6 and z 1.0 respectively. 
Lensing has had a much greater effect in this model, with the the standard 
deviation of the magnitudes the difference between the mean of the 
J.\JLLOvU. magnitudes and the FRW magnitude both greater than the same quantities 
in figure 6.7. At the higher redshift lensing magnified almost every lightpath, 
the opposite effect to that at the lower redshift. 
primary characteristics of the of gravitational lensing on mag-
nitudes distant objects) that the deviation of the mean magnitude from 
the FRW magnitude and standard deviation of the magnitudes velJ:Y 
continuously with the cosmological parameters. The difference between the mean 
1.'-'1.1.0'-'\..' n'lagnitude the FRW magnitude at z = 0.6 and z = 1.0 are shown in 
figures 6.10 and 6.11 for a of parameters, with Dm and DA each varying 
between 0 1. At z 0.6 the mean magnitudes are thaJI the 
FRvV magnitudes for combinations of parameters shown on the plot the 
increases with both o'm and SlA. This is not the case at z = 1.0, Since 
the mean of distribution for f) is slightly lower than the value used for 
the FR'i\l calculation, the brightening effect. in the modified Dyer-Roeder 
also occurs to a small here. lensing effect is very small the 
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Figure 6.13: Standard deviation in 
mlensed at z = 1.0 
combinations of cosmological parameters shown so this slight inaccuracy in the 
calculation is enough to completely counteract the lensing at a redshift of z = 1.0. 
Figure 6.12 shows the standard deviation of the observed magnitudes at z = 0.6 
for each model on the grid and figure 6.13 is similar but calculated at z = 1.0. 
At both redshifts the standard deviation is greater for larger Om in line with 
expectations. The standard deviations are smaller at the higher redshift. This is 
due to the light beams traversing a higher number of regions so the probability 
of anyone light beam going through more overdense regions than underdense 
regions is lower, simply due to the central limit principle. 
The lensed magnitudes calculated in this section are not substantially different 
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to the unlensed FR\N magnitudes when Om and 0 A are between 0 and 1 and the 
differences are small compared to the uncertainties in the mean magnitudes in 
the binned supernOV82 data. At higher values of Om and OA this is not necessarily 
the case, as figure 6.9 shows. 
6.5 Cosrnological pararneter extraction with lensing 
\Nith initial matter density perturbations set at the CMB with VCMB 10-7 the 
differences between lensed magnitudes and unlensed magnitudes are small. When 
compared with the uncertainties in supernOV82 magnitude measurenlents, we 
should not expect lensing of the type discussed here to greatly the results 
obtained by the supernova experirnents. There are three exceptions to this gener-
alisation. Firstly, as figures 6.S and 6.9 show, the intrinsic spread of magnitudes 
possible, called the model uncertaint,y, can become large with high values of OA. 
High uncertainties Virill result in lower X2 values. Secondly, as figure 6.4 shows, the 
modified Dyer-Roeder magnitude is significantly different to the FRW magnitude 
for low values of a. Finally, if the initial matter density perturbations are large, 
virith VCMB > 10-7 then all the effects discussed in sections 6.3 and 6.4 become 
larger. 
The importance of the model uncertaint.y at high values of OA may be seen by 
eomparing the magnitude-redshift plots in figures 6.14 and 6.15. Figure 6.14 
is a magnitude plot showing the best overall fit with VCMB = 10-6 which is at 
{Onl) SlA} {O.32,1.0S} as well as the FRW magnitude-redshift relationship for 
the same parameters and the FRvV magnitude-redshift relationship the best 
flat universe The vertical lines \vith no endeaps are the lu model uncertainties 
and the plotted points represent the data bins. curves are very similar 
for most of the plot, only starting to sig;nificantly diverge above z = 0.5. The 
two FRI.N curves stay close and continue to stay close to the data points whereas 
the lensed magnitudes at. redshifts are lower than t.he data points. Due 
to large uncertainties on the data points at high redshifts discrepancy 
bet.ween data and lensed magnitudes does not contribute much to the 
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Figure 6.14: Magnitude-redshift plot showing the {Oj11 , OA} = {O.32, l.OS} lensed 
111agnitudes (solid curve), the {Om, OA} = {O.32, l.OS} F'RW magnitudes (dashed curve) 
the {Om, OA} = {O.34, O.66} F'R\~ magnitudes (dotted clashed curve) 
x2 statistic vvhereas the large model uncertainties on the lensed magnitudes at 
lower redshifts the X2 statistic low. Every point bar one is on the 
theoretical curve for lensed magnitudes to within combined uncertainties. By 
way of comparison, figure 6.15 is a magnitude plot showing best fiat universe 
fit with VCA1B = 10-6 and the FRW fiat universe fit. The curves are very 
similar and the model uncertainties are much lower at the lower value of DA . It 
is that brreatest from on parameter estimation using X2 
fitting is due to the model uncertainties at high nA . 
The magnitude-redshift relationship is ealculated as described in 6.2 over 
a of parameters and the value calculated for each one according to (6.18). 
6.1 shows the best fit parameters under a of different scenarios. The 
best fit parameters are calculated values of VCA1B between 10-5 and 10- 11 for 
both binned data points and raw data and both including ignoring 
model uncertaint.y. Several different best fits are found for each scenario. 
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Figure 6.15: Magnitude-redshift plot showing best fit fiat curves with lensed 
magnitudes (solid curve) and FRW magnitudes ( dashed curve) 
The different found are the overall best fit, the fit to a flat universe 
(Om + DA 1) and the best fit to a universe with no cosmological constant 
(A 0). For each best fit normalised X2 value is shown. 
since there is no lensing when 
is no matter, all Dm ° fits with same number 
same X2, vVith the exception of the high VeMB 
axe all to {Om' OA} {O,35, Q,65}, U.LU,J,\oCU 
et (1998) and Perlmutter et oJ (1998) is 
lensing of the under consideration here. The 
different for each scenario. FRW calculation, 
paraTneters the 
the best flat universe fits 
result of Riess 
to gravitational 
best fit is moderately 
precise location of the 
overall fit is not considered to have consequence as is a large 
in parameter where the X2 are very close and which contains 
the overall fit and the fit to a flat This is not case 
here as the model is included X compntation the flat 
universe is a. significantly poorer fit than overall best fit for all but the lowest 
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Best fit parameters (Dm, DA) 2 Xv Model 
VCMB Overall best fit Flat universe NoA uncertainty Binned 
10-5 (0.20,0.80) 1.29 (0.20,0.80) 1. (0,0) 1.56 Yes No 
10-5 (0.18,0.78) 0.71 (0.18,0.82) 0.75 (0,0) 1.83 Yes Yes 
10-5 (0.16,0.66) 1.51 (0.18,0.82) 1.55 (0,0) 1.56 Ko No 
10-5 (0.16,0.66) 1.53 (0.18,0.82) 1.76 (0,0) 1. No Yes 
10-6 (0.34,1.12) 1 (0.30,0.70) 1. (0,0) 1.56 Yes No 
10-6 (0.32,1.08) 0.66 (0.30,0.70) 1.03 (0,0) 1.83 Yes 
10-6 (0.;·)(),0.70) 1.50 (0.;-SO,O.70) 1.50 (0,0) 1.56 Ko 
10-6 (0.24,0.66) 1.49 (0.28,0.72) 1.49 (0,0) 1.83 No Yes 
10-7 (0.62,1.64) 1.32 (0.36,0.64) 1.50 (O,O) 1.56 Yes Ko 
10-7 (0.68,1.54) O.95 (0.34,0.66) 1.46 (0,0) 1.83 Yes Yes 
10-7 (0.48,0.90) 1.50 (0.36,0.64) 1.51 (0,0) 1.56 No 
10-7 (0.48,0.90 ) 1.44 (0.34,0.66) 1.50 (0,0) 1.83 Ko Yes 
10-8 (0.60,1.00) 1.50 (0.36,0.64) 1.50 (0,0) 1.56 Yes Ko 
10-8 (0.58,1.00) 1.43 (0.34,0.66) 1.49 (0,0) 1.83 Yes Yes 
10-8 (0.60,1.00) 1.50 (0.36,0.64) 1.51 (0,0) 1.56 No No 
10-8 (0.54,0.96) 1.45 (0.34,0.66) 1.49 (0,0) 1.83 No Yes 
Table 6.1: Best values of o'm and o'A overall; for a fiat universe; for a o'A = 0 
universe with lensing taken into account 
values of VCMB' 
The allowed regions of para.meter space are heavily dependent on V CMB , as may be 
seen from figure 6.16 which is a contour showing 10- to 4a confidence regions 
calculated with put into 20 bins. The lines are the confidence 
regions obtained using the FRW magnitude-redshift relationship and are shown 
for comparison. The dashed are calculated with V CM13 = 10- 5 ; the dotted-
dashed lines are calculated with VCMB 1O-G; the dotted lines are calculated with 
V CM13 = 10-7 ; and clot-clot-clot-cla.shed lines are calculated with VCMB = 10-8 . 
Lower values of VCMB 10-8 result in confidence regions indistinguishable 
from FH\V plot. 6. is similar to figure 6.16 the X2 values are 
calculated without taking the model uncertainty into account. 
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figure 6.16 but not including model uncertainties in 
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Comparing figures 6.16 and 6.17 allows us to separate the two different influences 
on the confidence regions. Firstly, matter inhomogeneities affect the mean ob-
served magnitude of objects at given redshift. Secondly, there is an inherent 
uncertaint.y in calculating the theoretical magnitude of an object at a given 
redshift due to light paths undergoing gravitational lensing to a differing degree. 
Figure 6.17 shows contour plots calculated without taking the model uncertainty 
into account. Close t.o Um = 0 contours are very similar to the FR'\7\T contours 
as t.here is no lensing with no matter. The lensed contours are smaller than the 
FRvV cont.ours, especially for high values of VCMB. If VCMBis large, high values of 
Um are ruled out which are accepted in the analysis using the FRW magnitude-
reclshift relationship. Figure 6.16 is quite different, as 1110deis with high values 
of Urn and UA have higher model uncertainties and therefore tend to have lower 
values. Low values of Um and UA are ruled out at a high confidence 
for values of VCMB a flat universe is ruled out at 30' for VCMB 10-6 
and more than 40' for VCMB = 10-7 . The confidence regions are small, being 
heavily dominated by the area of parameter space where the model fits the data 
moderately well and where model uncertainties are also large. 
The ma.gnitude-redshift relationship is also calculated using the modified Dyer-
Roeder distance over a grid of parameters and the value calculated each 
one according to (6.18). This is done for values of VCA-1B which appear to best 
represent our universe, that is VCMB 10-6 and V C.A1B = 10-7 , and for several 
values a. The results are shown in figures 6.18 to 6.21 table 6.2. Table 6.2 
shows the best fit parameters under a variety of different scenarios. The fit 
parameters are found for values of Ct from 0.5 to 0.9; for both binned data points 
and raw points; and both including and ignoring model uncertainty. 
Two different fits are shown for ea.ch scenario, the overall hest fit. and 
best to a fiat universe. The best fit. to a universe with no cosmological eonstant 
each seenario is U111 () as it. is in table 6.1. For each hest the normaHsed 
va.lue is shown. The best universe fits are again moderat.ely close to 
{n1/11 n A } = {O.~)5, D.65} although \vith the lower values for G, a higher Um of 
around ().4 is favoured. 
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fit parameters (Dm, DA ) a.nd X~ • IVlodel 
VeMB a; Overall fit Fla.t universe Binned 
10-6 0.9 (0. 1.18) 1.24 (0.36,0,64) 1.42 No 
10-6 0,9 (0.:32,1.12) 0.63 (0.34,0.66) 1.09 Yes 
10-6 0.9 (0.:32,1.02) 1.50 (0.32,0.68) 1.50 No No 
10-6 0.9 (0.32,1.02) 1.47 (0.32,0.68) 1.50 No Yes 
10-6 0.7 (0.46,1.30) 1.22 (0.40,0.60) 1.44 No 
10-6 0.7 (0.42,1.22) 0.58 (0.32,0.68) 1.17 
10-6 0.7 (0.36,0.78) 1.51 (0.32,0.68) 1.51 No No 
10-6 0.7 (0.36,0.90) 1.51 (0.32,0.68) 1.53 No Yes 
10-6 0.5 (0.68,1.60) 1.20 (0.42,0.58) 1.46 No 
10-6 0.5 (0.60,1.42) 0.56 (0.42,0.58) 1.25 Yes Yes 
10-6 0.5 (0.42,0.92) 1.51 (0.36,0.64) 1.52 No No 
10-6 0.5 (0.42,0.92) 1.49 (0.36,0.64) 1.57 No Yes 
10--7 0.9 (0.64,1.70) 1.26 (0.38,0.62) 1.50 Yes No 
10-7 0.9 (0.70,1.60) 0.81 (0.34,0.66) 1.47 Yes 
10-7 0.9 (0.64,1.02) 1.50 (0.36,0.64) 1.51 No No 
10-7 0.9 (0.60,1.02) 1.45 (0.34,0.66) 1.50 No Yes 
10-7 0.7 (0.68,1.84) 1.19 (0.40,0.60) 1.51 No 
10-7 0.7 (0.76,1.80) 0.59 (0.38,0.62) 1.51 
10-7 0.7 ,1.32) 1.50 (0,38,0,62) 1.51 No 
10-7 0.7 1.32) 1.43 (0.38,0,62) 1.54 No Yes 
10-7 0.5 (1.06,2. 1.16 (0.44,0.56) 1.52 No 
10-7 0,5 (0.96,2.06) 0.48 (0.40,0,60) 1.55 Yes 
10-7 0.5 (1. 1.46) 1.50 (0.44,0.56) 1.52 No No 
10-7 0.5 (1. ,1 1.46 (0.40,0,60) 1.57 No Yes 
Table 6.2: o'm and o'A overall and for a universe caJculated 
according to the Dyer-Roeder distance 
Chapter 6. A new method 
3 
2 
o 
-10 0.5 
calculating 
1 1.5 
nm 
luminosity dista.nce 
2 2.5 
Figure 6.18: Contour plot showing 10" to 40" confidence 
84 
3 
calculated the modified Dyer-Roeder distance with various values for a: and with 
VCMB = 10-6 
The allowed of parameter space calculated using the modified 
Roeder distance are heavily dependent on a and VCM13. A relatively high 
value of V CM13 = 10-6 in small confidence regions as may be seen in figure 
6.18, whereas a relatively low value of V CM13 = 10-7 in large confidence 
~""'",wLL'J (figure 6.20). Both scenarios rule out low values of both nm and nA at a 
confidence level of greater than with even a universe disfavoured. In 
plot the solid lines are calculated with Cy 0.9; the lines are calculated 
\vith a 0.7; and dotted-dashed are with a 0.5. As a 
the allowed regions of parameter space increase with values of 
nm preferred. is not unexpected as the lower a is, the nm contributes 
to the calculation of the magnitude-redshift relationship. The lensing 111 
the modified Dyer-Roeder distance manifests itself through n1.Odei 
uncertainty, as can be seen in figures 6.19 and 6.21 which the uncertainty 
been ignored. The confidence regions 8Te similar to FRVil confidence 
regions higher values of nm are preferred for Iowa. 
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magnitude-red shift relationship has been developed which into account 
the local expansion rate of space being dependent on the local matter density. 
This lensed magnitude-redshift relationship was found to only marginally 
different to the unlensed relationship if the cosmological paJ."ameters nm. and nA 
are between 0 and 1 and the distribution lensed magnitudes is IlaJ.TOW. If nA 
is large, lensed magnitudes be different to the unlensed magnitudes by 
about 0.1 magnitudes and distribution of magnitudes is broader. The effect 
of inhomogeneities is in gTeatest at low redshift) contrast to Holz and 
\i\Tald (1998) Bergstrom et (2000). These studies are complementary to 
the method and results presented in this chapter as investigaJ.e lensing effects 
not considered the of shear and of strong Ricci focusing. 
\i\Then used to estimate cosmological parameters in conjunction 
nova:: data, scenarios with high 0,1\ dominate the confidence 
the super-
plots. The 
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most likely fiat universe found here is not significantly different to the most likely 
fiat universe found by Riess et al. (1998) and Perlmutter et al. but the 
likelihood that universe is is found to low according to the lensed 
magnitude-redshift relationship. 
The assumptions behind the Dyer-Roeder distance, namely that a fraction of the 
matter in universe is bound in clumps and therefore does not affect weak 
gTavitational lensing, were re-examined and a n1.odified Dyer-Roeder distance de-
veloped that incorporates a density dependent expansion rate of space. The mod-
ified Dyer-Roeder distance differs from FRW relationship than does the 
unmodified Dyer-Roeder distance. If the proportion of matter bound in clumps 
is high and the modified Dyer-Roeder distance is used to estimate cosmological 
parameters then the most likely fiat universe is found to have a matter content 
slightly higher than that found by Riess et al. (1998) and Perlmutter et al. (1998). 
Under no circumstances considered here is the primary finding of Riess et al. 
(1998) and Perlmutter et al. (1998), that our universe appears to have a non-zero 
cosmological constant, brought into doubt. 
Chapter 7 
Conclusion.s 
Recent observations of high reclshift supernOV!:E have allowed a tremendous break-
through in extracting information about the make-up of the universe. In this 
thesis we were principally concerned with the ",++",.>1-" of taking into account 
inhomogeneity of the universe on results. 
We have shown that a perturbed FRW universe which the same global be-
haviour as an exact FRW universe does not have same light propagation 
behaviour. This is due to relationship between redshift and the radial coor-
dinate being influenced by the inhomogeneities introduced. vVhile other authors 
come to the SalTle conclusions, the method by which result is arrived at 
here benefits from its extreme simplicity. The effect inhomogeneities on the 
redshift distant objects has not studied as extensively as the influence of 
inhomogeneities on the magnitude of distant objects. We shown that it is 
advantageous to study both concurrently. The change in redshift along .a 
light beam depends on rate of expansion of space so an understanding of the 
effect of inhomogeneities on the local rate of expansion of space is necessary in 
order to study the of inhomogeneities on redshift. 
Taking into account a non-uniform expansion rate we have developed a 
new method of calcula.ting relationship between the angular distance 
and the redshift of a distant object. The method results in magnitudes that are 
little different to FR\i\T magnitude for cosmological parameters at a 
redshift of ?: 1. At high rtA the magnitude differences can be significant. The 
88 
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predicted magnitude of a distant. in an inhomogeneous universe should not 
be a single number but. rather (1. range of numbers that encompass the possibilities. 
The spread of expected magnitudes at. moderate cosmological parameters is small 
and at high OA spread of expected magnitudes is significant. 
,\Ve have the new magnitude-redshift relationship in conjunction 
supernovre data to estimate cosmological parameters and found that 
- to a high level of confidence OA is non-zero 
the 
the most likely fiat universe is one with cosmological parameters to 
{Om) OA} = {O.3, O.7}. 
The method introduced here calculating the magnitude-redshift relationship 
considers different effects to the method presented in Holz and Wald (1998). 
two methods are well suited to combined and there are clear benefits to 
doing so. method of Holz and vVald incorporates the effect of an occasional 
Wey 1 focusing (shear) and Ricci focusing "kick" but ignores the effect of 
mogeneities on the redshift whereas the method presented here ignores shear but 
incorporates the effect of inhomogeneities on redshift. They are well suited to 
being combined as they both the into which may have 
differing average densities and solve the light propagation equations across those 
regions. 
order to investigate the effect of a non-uniform expansion rate, a new descrip-
tion the evolution of matter fluctuations in the weakly non-linear regime was 
developed which features not only the matter distribution but also a relationship 
between the matter density and the local expansion rate of space. It was shown 
that the matter distribution is close to a log-normal distribution which has a 
number of both theoretical and observational justifications (Coles and Jones, 
1991). 
It was noted that the available supernova magnitude-redshift covers poorly 
the redshift region 0.1 rv Z ;::, 0.3. vVe have shown by simulating effect of 
gathering additional data in region t.hat. it is unlikely that observing more 
int.ermediate redshift supernovm will result in tighter constraints on t.he C08mo-
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logical parameters Om 01\. 
The effect of inhomogeneities on the redshift of distant objects is not large enough 
to influence the results of current cosmological experiments. As cosmology be-
comes a more high-precision science, smaller effects will need to be considered 
and am view of lensing must widen to encompass the effect of inhomogeneities 
on the redshif't. of distant objects. 
ibliography 
Bergstrom, L., Goliath, NL, Goobar, 
phys. 358:13, 2000. 
a.nd J\1ortsell, E., Astronom. and Astro-
Bevington, P. R and Robinson, D. K., Data Reduction and Error Analysis for 
the Physical SC'iences (McGraw-Hill, New York, 1992), second edition. 
Boersma, J., Phys. Rev. JJ (3) 57:798, 1998. 
Buchert, , Gen. Rei. Grav, 32:105, 2000. 
Carroll, S. }/l., W. H. and Turner, E. L., Ann'ual Review of Astronomy and 
Astrophysics 30:499, 1992. 
UHL http://nedwww . ipac. cal tech. edu/leve15/Carroll/frames. html 
Claudel, , Proc. Roy. Soc. London A 465:1455, 2000. 
Coles, P. and Jones, B., Monthly Notices Roy. Astronom. Soc. 248:1, 1991. 
Dyer, C. C. and Roeder, R C., Astrophys. J. 174:L1 1972. 
Ellis, F. R, Bassett, B. e.e. Dunsby, P. K. S., Class. Quantum. Gmv. 
15:2345, 1998. 
Hamuy, }'\l1., Phillips, M. M., Ma.za, J., Suntzeff, N. , Schommer, R A. and 
Aviles, R, AstTD'I'wm. J. 109:1, 1995. 
Hawking, S. Vi. and Ellis, G. F. R, The Large Scale Struct'lLre of Space-
'Tinl.e, Cambridge Monographs on Mathematical Physics (Cambridge Univer-
sity Press, London, 1973). 
91 
BIBLIOGRAPHY 92 
Hogg, D. VV., astm-ph/9905116 , 1999. 
URL http://arxi v. orgl absl astro-ph/9905116 
Holz, D. E. and Wald, R M., Rev. (3) 58:63501, 1998. 
Hubble, E., Proceedings the Nabonal Academy of Science 15:168, 1929. 
Kantowski, R., Ast'rOphys. 1. 155:89, 1969. 
Kantowski, R. ThOlnas, R c., Astmphys. 1. 561:491, 2001. 
Kantowski, R., Vaughan, T. and Branch, D., Astrophys. 1. 447:35, 1995. 
Kochanek, C., Astrophys. 1. 419:12, 1993. 
Krashlski, A., Inhomogeneous Cosmological Models (Cambridge University Press, 
1997). 
Kmki-Suonio, H. and Liang, E., Astmphys. 1. 390:5, 1992. 
Lake, K., Astrophys. 1. 40l:L1, 1992. 
Linder, E. V., astro-ph/9801122 , 1998. 
URL http://arxiv . org/abs/astro-ph/9801122 
rvlavrides, S., lt10nthly Notices Roy. Astronom. Soc. 177:709, 1976. 
Moffat, J. and Tatarski, ,Phys. Rev. D (3) 45:3512, 1992. 
Mortsell, ,Goobar, A. and Bergstrom, L., Astrophys. 1. 559:53, 2001. 
Mustapha, N., Bassett, B. A., Hellaby, C. and Ellis, G. F. R, Class. Qua·nt. Gmv. 
15:2363, 1998. 
Netterfield, C. B., P. A. R, Bock, J. J., Bond, J. R, Borrill, J., Boscaleri, 
A, Coble, K., Contaldi, C. It, Crill, B. ,de Bernardis, P., Farese, P., Ganga, 
, Giacometti, M., Hivon, E., Hristov, V. V., Iacoangeli, A., Jaffe, A H., 
Jones, W. ,Lange, A E., rVlartinis, L., lvlasi, S., Mason, P., Mauskopf, 
P. D., }Vlelchiorri, A., Montroy, ,Pascale, ,Piacentini, F., Pogosyan, D., 
Pongetti, F., S., Romeo, G., Ruhl, J. E. and Scaramuzzi, ,Astmphys. 
1. 571:604, 2002. 
BIBLIOGRAPHY 93 
Nottale, 1., Astmnorn. and Astrophys. 110:9, 1982. 
:;\Tusser, A. and Haehnelt, lVL, Monthly Notices Roy. Astronom. Soc. 303:179, 
1999. 
Padmanabhan, T., Structure For17wtion in the 
Press, Cambridge, New York, 1993). 
(Cambridge University 
Peacock, J., Cosmological Physics (Cambridge University Press, Cambridge, UK, 
1999). 
Peacock, J. A. and Dodds, 
1996. 
J., Monthly Notices Roy. Astronom. Soc. 280:L19, 
Peebles, P., Principles of Physical Cosmology, Princeton Series in Physics (Prince-
ton University Press, Princeton New Jersey, 1993). 
Perlmutter, S., Alclering, ,Goldhaber, G., Knop, R.. A., Nugent, ) Castro, 
P. G., Deustua, S., Fabbro, S., Goobar, A., Groom, D. E., Hook, L M., 
Kim, A. G., Kim, M. Y., Lee, J. C., Nunes, N. J., Pain, R.., Pennypacker, 
C. R.., Quimby, R.., Lidman, c., Ellis, R.. S., Irwin, M., McMahon, R.. G., 
Ruiz-Lapuente, ,Walton, N., Schaefer, B., Boyle, B. J., Filippenko, A. V., 
lVIatheson, T., Fruchter, A. S., Panagia, N., Newberg, H. J. M., Couch, VV. J. 
and Project, T. S. C., Astmphys. J. 517:565, 1998. 
Press, W. H., Nv,merical Recipes in C: the Art of Scienti;fic Computing (Cam-
bridge University Press, New York, 1992), second edition. 
Riess, A. G., Press, '.V. H. and Kirshner, R.. P., Astrophys. J. 473:88, 1996. 
A. G., Filippenko, A. v., Challis, P., Clocchiatti, A., Diercks, A., Gar-
navich, P. M., Gilliland, R.. 1., Hogan, C. J., .Tha, S., Kirshner, P., 
bundgut, B., Phillips, lVl. 1vL, Reiss, D., Schmidt, B. ,Schommer, R.. A., 
Smith, R.. C., Spyromilio, J., Stubbs, C., Suntzeff, N. B. and Tonry, J., As-
tmnorn. J. 116:1009, 1998. 
Riess, A. G., Nugent, P. ,Gilliland, R.. ,Schmidt, B. P., Tonry, .T., Dickinson, 
M., Thompson, R.. L, Budawl,ri, T., Casertano, S.) Eva.ns, A. ) Filipponko, 
BIBLIOGRAPHY 94 
A v., Livia, Iv1., Sanders, D. B., Shapley, A. E., Spinrad, H., Steidel, C. C., 
Stern, D., Surace, J. and Veilleux, S., AstTOphys. J. 560:49, 2001. 
Rose, H. G., AstTOphys. 1. 560:L15, 2001. 
Sasaki, 11[., AJonthly Notices Roy. Astmnom. Soc. 228:653, 1987. 
Schmidt, P., Suntzeff, N. B., Phillips, M. M., Schommer, R A, Clocchiatti, 
A, Kirshner, R P., Ga:mavich, P., Challis, P., Leibunclgut, B., Spyromilio, J., 
Riess, A. G., Filippenko, A. V., Hamuy, M., Smith, C., Hogan, C., Stubbs, 
c., Diercks, A., Reiss, D., Gilliland, R, Tonry, J., Maza, J., Dressler, A.) 
Walsh, J. and Ciardullo, R, Astmphys. 1. 507:46, 1998. 
Schneider, P. \iVeiss, A., Astrophys. J. 330:1, 1988. 
Schneider, P., Ehlers, J. Falco, E., Gmvitat'ional A&A library 
(Springer-Verlag, New York, 1992). 
Sugiura, N., Nakao, K.-I. and H8J.'ada, ,Phys. Rev. D (3) 60:103508, 1999. 
Tomita, K., Pr·ogr. Theoret. Phys. 106:929, 200la. 
Tomita, K., AJonthly Notices Roy. Astronom. Soc. 326:287, 2001b. 
Tomita, K., Premadi, P. and Nakamura, T. , PTOgT. Theoret. Phys. Suppl. 
133:85, 1999. 
Turner, E. ,Cen, R 8J.ld Ostriker, J. P., AstTOnom. J. 103:1427, 1992. 
vVald, R M., Geneml Relativity (University of Chicago Press, Chicago, 1984). 
vVambsganss, J., Cen, Rand Ostriker, J. P., Astmphys. 1. 494:29, 1998. 
\iVang, Y., AstTOphys. J. 536:531, 2000. 
vVeinberg, S., Gmvitation and Cosmology: Principles and Applications of 
Geneml Theory of Relat'ivity (\\Tiley, New York, 1972). 
Weinberg, ,Astrophys. J. 208:L1, 1976. 
BIBLIOGRAPHY 95 
VVu, X., Astmnom. and Astmphys. 239:29, 1990. 
Zech, ,EP Jd'irect C 4(1 :1, 2002. 
URL http://tinyurl. com/3f4s 
Zotov, N. Stoeger, W., Class. Quantum Gnl:u. 9:1023, 1992. 
